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Abstract. We find a criterion of unconditional basicity of the system (\/ZpgJ,(zpx) : k € N) in the
space L%(0; 1) where J, is the Bessel function of the first kind of index v > —1/2 and (p; : k € N) is
a sequence of distinct nonzero complex numbers.
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1 Introduction and main results

Let P = {px : k € N} be a sequence of nonzero complex numbers. Developing the results of Pavlov
[21], Nikol’skii [20] and others (see [14, 16, 24|), Minkin [19] obtained a criterion of unconditional
basicity of the system of exponentials (exp(ipit) : k € N) in L?(—m; 7). Lyubarskii and Seip [17]
found another approach to the proof of this criterion. Let

(1) (z/2) 7 : 0
Jy(2) = E , Z=x+1iy=re"’,
— ET(v+k+1)

be the Bessel function of the first kind of index v € R, where I' is the gamma function. In this paper,
we will establish a criterion of unconditional basicity of the system

(Vaprdo(@pr) k€ N) (1.1)

in the space L?(0;1) if v > —1/2.

Basis properties of the systems of Bessel functions and similar systems have been studied in a
number of papers (see, for instance, [2], [12], [13] and [26]-[33]). In particular, it is well known that
if v > —1 and (pg : k € N) is a sequence of positive zeros of J,, then [13| (see also [26], [27], [33])
system (1.1) forms a basis in L?(0;1). Another sufficient conditions of basicity of system (1.1) with
v > —1/2 in L*(0;1) were found in [30].

Let A = pg, A i= =M, A ={\, : k € Z\ {0}}, let L*(X) be the space of all measurable
functions f: X — C, X C R, satisfying

112, = /X (@) de < +oo,

let v € (—1;400), let L*"(R) be the space of all Lebesgue measurable functions f satisfying

“+o0o
||f||%2,v(R) = / 2|2 T f(2)]* do < +oo,

—0o0
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let PW?" be the space of all entire functions f of exponential type o < 1 for which

+o00
1 f [pwen = / |z|* T f(2))? dor < 400,

and let PW_%” be the subspace of even functions f € PW?.
Our main result is the following statement.

Theorem 1.1. Let v > —1/2. System (1.1) forms an unconditionally basis in L*(0;1) if and only if
the following conditions hold:

1) pi # p for k # j;
2) the function
s =TI (1- %)
k=1 Pk

is an entire function of exponential type o < 1 and (z* — p?)715(z2) € PWJQF’”;

A — A
3)inf{ T[] [Z2—Z|:ImA\ >0 >0, ‘ImAs <0p >0;
tm, >0, | Ak = A Im/\ <0, )\k—
itk ik

. Ak = Ajl

inffd ——— Z\{0})* k
int { PR (k) € (2 0% )
5) the function u(z) = F*(z), F(z) := \:L’]”H/Q%, satisfies the (continuous) (As) condition

sup{(ﬁ'/ (2) dx) <|%|/Iu1(x) dm) I R} < too,

where I C R is an interval of length |I|, and dist(x; A) is the distance between the element x and the
set A.

Remark 1. The conditions 3) — 5) may be expressed in different ways (see [17]). We will discuss
this in detail below.

Let w = (wy) be a sequence of positive numbers, let [** be the space of all sequences d = (dj)
for which [|d[|3,, := =, |di|*wi < 400, and let 1" be the subspace of 1>* of sequences d = (dj : k €
Z\ {0}) such that d_j = di. Interpolation problems in the spaces PW?" have been considered in
[3]-[6], [9]-[11], [16], [18] and [22]-[24]. Following Lyubarskii and Seip [17], we say that a sequence
A={\:k€Z\{0}} (sequence P = {p;, : k € N}) is a complete interpolating sequence for PW?"
(for PW3") if for every sequence d € 12, wy := [ M| (1 + |Im M| )e 2™ (sequence d € 13,

k= k)2 (14| Im pg|)e~2™mPel) the interpolation problem f(\) = di, k € Z\ {0} (interpolation
problem f(py) = di, k € N) has a unique solution f € PW?" (f € PWJQF”’). Following [17], we also
say that a sequence w = (wy,) satisfies the discrete (Ay) condition if

sup{(%i )( iw ):neN,keZ\{O}}<+oo.

J=k+1 Jj=k+1
Theorem 1.1 will be proved by using the results of Lyubarskii and Seip (|17, 18]), and the following

statement.

Theorem 1.2. Let v > —1/2 and wy, = |pp|* (14 | Im py|)e= 2 el System (1.1) forms an uncon-
ditionally basis in L*(0;1) if and only if the sequence P = {py : k € N} is a complete interpolating
sequence for PW2>"
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2 Proof of Theorem 1.2

To prove Theorem 1.2 we need the following auxiliary statements.

Lemma 2.1. (see [3]) Let v > —1. Then every function f € L*(0;+00) can be represented in the
form

+o0o
f(z) = Vatd, (zt)hy(t) dt
0
with some function hy € L*(0;400). Also, we have || f||r2(0;+00) = 1Al 12(0:400) and
+oo
hy(t) = Vatd,(2t) f(2) dz.

0
Lemma 2.2. (sce [1], [8]) Let v > —1/2. A function f has the representation

f(z2) = / VEZT, (2t (t)

with some function vy € L*(0;1) if and only if f € L*(0;+00) and f(2) = 2*T12Q(z2), where Q; is
an even entire function of exponential type o < 1.

By ¢; we denote some positive constants.

Lemma 2.3. Let v > —1 and (pi : k € N) be an arbitrary sequence of nonzero complex numbers.
Then there exists a positive constant ¢y such that for all k € N

AP (14 | T pi )7 er < VEoR (Epr) [ 720, < 1™ P (14 [ Tm py]) 7
Proof. In fact, the right-hand side of this inequality follows from the following estimate (see [13],
291, [33])
| Tm z| 2] vz
V2, (2)] < coe (—1 n \z|) , z€C.
Let us prove the left-hand side of this inequality (in the case Im p; = 0 the proof is given in [26,

p. 227]). Without lost of generality, we may assume that |px| > 1. Using relations (see [26], [27],
[33])

ZV

T 2T(v+1)

2 | Im z|
J,(2) = \/%cos (z—%u—%) +0 (Tz\—3/2) , z— 00, |argz|<m,
we get

1 1/2 o] 1/2
. 1 .
IVEord (tor) 220y = (/ \pk!t\Ju(t\pkle’e’“)lzdt) = ( / t!Ju(tew’“)\th>
0 0

J(2) +0(2""?), 2z =0,

|Pk\

1 1 A 1 || A 12
= —/ t|J,,(te“9’“)|2dt+—/ t|J, (te )| dt
lx] Jo ] Jy

1/2
ok , 1 ;
> / tl ()P dt | = ——=I|IVEL (™) 1200
|pk| ( 1 V |Pk| '
23 o (e =5 )
e — COS € - -V — —
7 \/| il 2 A H)
1 6t\sin0k| 0
B t , PR = |prle™
ary L2(1]pi )
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In addition, (here and in what follows the sign =< means that the ratio of the two sides lies between
two positive constants)

€t| sin 6| 2

t

e2lPk] sin O

k — oo,

o 210kl (1 4 [px]] sin )’

| cos(z + iy)|* = cos® z + sinh?y,

o inh(2|py| sin 6) — sinh(2sin @ —1
/ sinh? (¢ sin 0) df — sinh(2|py|sinby) — sinh(2sinby)  |pg| |
1

4 sin 0, 2
ok
/ cos? (t cos 0, — Ey - z) dt
1 2 4

lpe] — 1 sin(|px| cos Oy — cos Oy,) sin(|pg| cos O + cos Oy, — 7v)
= + .
2 2 cos 0,

]

Proof of Theorem 1.2. The sequence (ej) of nonzero elements of a separable Hilbert space H with
the inner product (-;-) is an unconditional basis of H (see, for example, [25]) if and only if for each
sequence (by) satisfying >~ [bi|*||ex] ™ < +oo there is a unique element g € H such that (g;ex) = by,
for all k € N. If H = L*(0;1), ey, = \/pexJ,(prx) and g € L?(0;1), then by Lemmas 2.1 and 2.2, we
have

(gsex) = / Vo (gt = p Qo).

where Q¢ € PWJQF’”. Therefore, using Lemma 2.3, we obtain the required statement. O

3 Proof of Theorem 1.1

Theorem 1.1 follows from Theorem 1.2 and the results of Lyubarskii and Seip ([17], [18]). So, we are
going to sketch the proof of Theorem 1.1.

Let —oo < a <b < +4o0and C,p = {z:a < Imz < b}, and let H*(C,;) be the space of all
functions f that are holomorphic in the strip C,; and satisfy

+o00
sup{/ |f(x—|—iy)|2dx:a<y<b}<+oo.

o0

If at least one of the numbers a or b is finite, then every function f € H?*(C,;) has angular limit values
f € L*(0C,;) almost everywhere on 0C,y, and the equality || f||* == [, \ |f(2)]? |dz| determines a

norm on H?(C,p) (see [3], [15]). If @ € R and b = +oo, then H?(C,;) is the Hardy space in the
half-plane C,;. The same can be said when a = —oo and b € R.

Lemma 3.1. (see [3]-[6], [22], [23]) If v > —1/2 and f € PW?", then for any a € R the function
f(2) = (z +ia)" /2= f(2) belongs to H*(C_, 1 00) and

+00 +oo
/ |z + iy +ia|* T f(z + iy +ia) P do < 62y/ lz +ia|* | f(x +ia)|*dz, y> —a.

Moreover, the function f_(z) = (z —ia)"*Y2e= f(2) belongs to H*(C_.,) and

400 400
/ |z + iy — ia* | f(z + iy — ia)|* dz < 6_23’/ lz —ia|* | f(x —da)* dz, y<a.

o0 —0o0
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Lemma 3.2. (sce [3]-]6], [22], [23]) Let v > —1/2, v € R and 3 € R. The space (as a set) PW>"
coincides with the set W"[y; 8] of all even entire functions f of exponential type o < 1 satisfying

+o00
||f||12xv2,v[a,;5] = / |z +y|* | f(z +iB)|* dx < +oc.

Moreover, the norms || f|lw2v[y5 and ||f||PWi,u are equivalent,

/+oo
—00

and for any z = x + 1y € C holds
F()] < call fll e (4 [2)) 7200+ [yl) 72

Lemma 3.3. (see [17, pp. 362, 363, 366, 367]) Let v > —1/2. If the sequence P = {py : k € N} is
a complete interpolating sequence for PWJQF’”, then for every k € 7\ {0} the interpolation problems
fen) = fi(hg) = 1 and fr(N) = fr(A_;) =0, j € Z\ {0; k; —k}, are solvable in H*(Cy o) and
in H*(C_w ). Moreover, properties 1), 2) and the following ones hold:

(

inf

inf

\

sup

Im )\j >a,
J#k

11

Im )\j<¢1,

i#k

D

JEZ\{0},

ik

for some € > 0 the disks

K(X\) :=={z: |z — X <10e(1+ [Im Ag|)}

Mo — A

/\k —Xj + 2ia

Mo — A

>\k —Xj — 2ia

Im A, > a

Im A, < a

(1+]ImAg])(1 + [ Im A

Ak — A2

fp = Z Im Aoy,

Im A >0

)

ke Z\ {0}

[ f (2 + iy) P da < ca|fl| pyyzee™,

>0 for each a € R;

>0 for each a € R;

< 400;

are pairwise disjoint;

is a Carleson measure in CT := Cy 1o (0 is the unit point measure at ).

(3.1)

(3.2)

By manipulating the Carleson conditions (3.1) and (3.2) in much the same way as in |7, pp. 288-
290], we obtain the following lemma.

Lemma 3.4. (see [17, pp. 363, 364, 367|) Condition (3.3) is equivalent to conditions 3) and 4), and
also to conditions (3.1) and (3.2).

Lemma 3.5. Let v > —1/2. If a sequence A satisfies condition (3.3), then

> (L Im AL+ D> e M F O < esllf [y 20r £ € PWE.

keZ\{0}
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Proof. Indeed, if f € PWi”’,Athen by Lemma 3.1, we have f(2) = (242i)"*/2e* f(2) € H*(C_, 1)
and f_(2) = (z — 20)"*Y2e7% f(2) € H?*(C_o2), and for the Hardy spaces the corresponding result
is true (see [15]). O

Let Q(x;7) be the square with center at x € R, side length 2r, and sides parallel to the coordinate
axes. According to [17], we say that a set P C C is relatively dense if there exists ro > 0 such that
PN Q(x;ry) # @ for each x € R.

Lemma 3.6. Let v > —1/2. If P = {p, : k € N} is a complete interpolating sequence for PWJQF’”,
then A = {\y : k € Z\ {0}} is relatively dense and for any function f € PW3"

||f\|?awiv/66 < Y (L TmA (1 A+ AR e A F ()P < cﬁllfH?aWi"' (3.6)
kez\ {0}

Proof. The proof of condition (3.6) is the same as that of [17]. Assume that a set A is not rel-
atively dense. Then there exist sequences {z;} and {r;} such that |z;| > s, s € N, r; = 400
and A N Q(zj;1m) = @ Let s > 14+v, p =v+1-—3s ¢ = 1/|z;| and let f;j(z) =

[e¢) —1 k s
& (Z D" ke x;%)k) . Then f; € PW2",

= (2k +1)!
sin g; (22 — 22)1/2 ’
fi(z) = 45 ( (22— x?)lj/z ’

1 . 2s +00 . 2s
S S
HfjH;Wi,,:Q/O (1_u2)y(| 12u|> udu+2/0 (1 +2) (|1_Z“|> wdu,

”fJH?aWi”/CG < (L [Tm M) (14 [Ae)> e M £ ()P < C6Hfj|ﬁawi’”’
k=1

and

15 B s < SO+ T A1+ el H e 2 )P =0, f = oo
k=1

2

w2 18 independent of j. []

We have a contradiction, since || ;|
Lemma 3.7. Let v > —1/2. If P = {py : k € N} is a complete interpolating sequence for PWi”’,
then there exists a relatively dense set T' = {~; : j € Z\{0}} C A such that (];[*|S"(v,)|?) satisfies
the discrete (Ay) condition.

Proof. Indeed, let r > ro, Q; = Q(4jr;r) and I' = {v; : j € Z\{0}} C A is arelatively dense sequence
such that v; € Q;. Let ¥ = {o,} be another sequence with |y; — o;| = € and S(o;) = S5’(~;). Then
the sequence {o;} also satisfies condition (3.3). Therefore, by Lemma 3.5, we have

D loi P (1 [Tma e f o)) < erll Iy a
J

Since S’ is an odd function, then for a finite set {d; : j € [1;m] N Z} the unique solution of the
interpolation problem f(vx) = di, 7 € I and f(yx) = 0, 7% ¢ ', has the form

= 2mdiS(z) & d,S(z) B
IO = 2 5 tn 2, G T
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In this case, according to Lemma 3.6, we get

ol f2ypne < D 1L+ [ Tmg e 1m0l 2
J

Since 7; € @), then the sequences (|Im~;|) and (| Imo;|) are bounded. Therefore

Z ‘Uj‘2u+1<1 + |Im0.j|)e*2|lm0j||f<0.j)|2 < cg Z "Yj’QVH(l + ‘Im7j|)672|1m7j||dj|2

J J

and
S oL (o)) < eo > Iyl
j J
Since
fog) = e8'() 3 ——
’ Ve (o5 =) (w)

we obtain

2

<o Pl S () Pl
j

> P S ()P
i

dy,
; 0; — Yk

Thus, the operator Hry : d = {d;} — Hrxd, Hrsd = Zaﬂ“ﬂﬂc is bounded on li’w if w; =
k J

17,12 F 1S (v;) 2. Therefore ([17]), the sequence (|;]2T1]S’(7;)|?) satisfies the discrete (As) condition,
and the lemma is proved. O

Lemma 3.8. If v > —1/2 and P = {p; : k € N} is a complete interpolating sequence for PW2",
then 5) holds.

In fact, since the discrete (A2) condition is equivalent to the continuous (As) condition, by using
Lemma 2 from [17, p. 368] and the inequality ¢*s'~* <t + s, ¢, s > 0, a € [0; 1], we obtain that the
statement of this lemma follows from Lemma 3.7.

Similarly to [17], by using conditions 1), 2) and 5), we obtain the following lemma.

Lemma 3.9. (see [17, Lemma 3, p. 371|) Let condition (3.4) be true. Then
1S(2)] > c1o(1 + |2|) Y22l for  dist(z;A) > e(1 + | Tm 2|).

Lemma 3.10. Let v > —1/2 and P = {py : k € N} be an arbitrary sequence of nonzero complex
numbers. A sequence A = { A : k € Z\ {0}} is a complete interpolating sequence for PW_%” if and
only if conditions 1) — 5) hold.

Proof. The necessity follows from Lemmas 3.3-3.8. Let us prove the sufficiency. First, we will show
that the function

o m% (= A)S 0w~ mZ (2 = M) S" (M) (3.7)

is the required solution of the interpolation problem f(px) = di, where d_j := di for k € N. To
this end, it suffices to estimate the partial sums of series (3.7) corresponding to \,, € RUCy 1 and
Am € RUC_ o, respectively on the lines Im z = —1/2 and Im z = 1/2. Following [17, p. 373], we will
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give the corresponding estimates on the line Im z = 0 assuming that Im \,,, > 1/2 and Im \,,, < 1/2,
respectively. In the first case, let

B - [ =2 G(z):e_isf—;zz).

Im A;>1/2 -

Then S(z) = G(2)e **B(z), where G is a bounded outer function in C*, and we observe that 5) is
equivalent to |G(z)|? satisfying the (Ay) condition. Moreover, |G (z)|~2 satisfies the (Ay) condition,

Im A

and the Lemma 3.4 implies [S"(A)[ =< [G/(A)[ s, -- Now let
+00
T ) oo t—7‘

is the classical Hilbert operator. Following [17, p. 373], we consider the function

n

= Im A\, dpe” M2 G ()
o= > EIc0w)

Im A\ >1/2,
m=—n,m#0

By duality (see [17, p. 373]), we obtain (here w(z) = 2*7/2, h,(z) = w(z)h(z) € L*(R))

~ 0 Im A dme’lm’\mG( V()
1l = sup / dx
heL?" (R) m=—n m;éO
n —ImA\n
S sup Z Im )\mdme Hth (/\m)
(ST Py G(Am)
heL?V (R) mzfn’—m?éé
, 1/2
HGhy,
< sup (Am)| Im A,
ln]<1,
perto(zy) \ImAm=1/2
1/2

X > ImAe 2,
Im A\, >1/2

Since >, TIm A0y, is a Carleson measure, |G(x)|"? satisfies the (A3) condition, G is an outer
Tm A, >0

function in C*, we have HGh/G € H?*(CT). Therefore, the last sums are uniformly bounded, and
we get the desired conclusion. The sum corresponding to Im Ay < 0 is treated similarly. Hence, there
exists a solution of the considered interpolation problem. Now we turn to the proof of uniqueness.

Observe first that (see [17, p. 370])

oo , dx +°° 9

o0

Suppose that f(p) = 0, p € P. Let ¢(z) = (z)/S(z). Since, by Lemma 3.2, |f(2)|
c4||f||PWi,ue|Imz‘(1 + )77 V2(1 + [Tm2|)~Y2, 2 € C, if f € PW?", then using Lemma 3.9, we
obtain
AL 4 )T 4 [ Ime) 2 (L [)

(1 + [2]) /2l ~ M [Tz

< cp
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Therefore, |¢(2)| is uniformly bounded for z satisfying dist(z; A) > (1 + |Im z|). By the classical
Phragmén-Lindelof principle ([16, p. 39]), we get ¥(z) = c19, whereas (|17, p. 372|) fj;o 1S (x +
i)[?dr = 400 and [727|S(x)[? dv = +o0. Hence, ¢)(z) = 0. O

Theorem 1.1 is an immediate corollary of Lemma 3.10 and Theorem 1.2.
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