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AN ANALOGUE OF THE PALEY-WIENER THEOREM FOR
THE HANKEL TYPE TRANSFORM IN WEIGHTED L2-SPACES

RUSLAN KHATS’

Abstract. In this paper, we establish some analogues of the Paley-Wiener
theorem for the Hankel type transform of half-integer order less than −1 in
weighted L2-spaces. These Paley-Wiener-type theorems give a description of
the class of even entire functions of exponential type σ ≤ 1 under this transfor-
mation in terms of solutions from the corresponding spaces of some differential
equations.

1. Introduction

Let L2(X) be the space of all measurable functions f : X → C on a measurable
set X ⊆ R with the norm

‖f‖2L2(X) :=

∫
X

|f(x)|2 dx,

let γ ∈ R and let L2((0; 1); tγdt) be the weighted Lebesgue space of all measurable
functions f : (0; 1)→ C, satisfying∫ 1

0

tγ|f(t)|2 dt < +∞.

The function h belongs to the space L2((0; 1); tγdt) if and only if the function
g(t) = tγ/2h(t) belongs to L2(0; 1). Let (see, for example, [4, p. 4], [33, p. 40], [1],
[16])

Jν(z) =
∞∑
k=0

(−1)k(z/2)ν+2k

k!Γ(ν + k + 1)
, z ∈ C,

be the Bessel function of the first kind of index ν ∈ R, where Γ is the classical
Gamma function. Since (see [33, p. 55])

J−m−1/2(z) =

√
2

π
zm+1/2

(
d

zdz

)m (cos z

z

)
, m ∈ N,

the function f(t) = zm
√
tzJ−m−1/2(tz) belongs to the space L2((0; 1); t2mdt) for

every m ∈ N and z ∈ C.
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An entire function G is said to have an exponential type σ ∈ [0; +∞) (see
[15, p. 4], [17, p. 4262]) if for any ε > 0 there exists a constant c(ε) such that
|G(z)| ≤ c(ε) exp((σ + ε)|z|) for all z ∈ C. Let us denote by PW 2

σ the set of all
entire functions of exponential type σ ∈ (0; +∞) whose narrowing on R belongs
to L2(R), and by PW 2

σ,+ we denote the class of even entire functions from PW 2
σ .

By the Paley-Wiener theorem (see [15, p. 69], [17, p. 4263], [35, p. 12]), the class
PW 2

σ coincides with the class of functions G representable as

G(z) =

∫ σ

−σ
eitzg(t) dt, g ∈ L2(−σ;σ),

and the class PW 2
σ,+ consists of the functions G of the following kind:

G(z) =

∫ σ

0

cos(tz)g(t) dt, g ∈ L2(0;σ).

Moreover, ‖g‖L2(0;σ) =
√

2/π‖G‖L2(0;+∞) and

g(t) =
2

π

∫ +∞

0

G(z) cos(tz) dz.

The Hankel transform of order ν ≥ −1/2 of a function f ∈ L2(0; +∞) is defined
by the formula (see [20, 21, 23, 33])

f(z) =

∫ +∞

0

√
tzJν(tz)h(t) dt, h ∈ L2(0; +∞),

where the integral is taken in the L2-sense or in the mean, that is,

lim
u→+∞

∫ +∞

0

∣∣∣∣f(z)−
∫ u

0

√
tzJν(tz)h(t) dt

∣∣∣∣2 dz = 0.

By the Plancherel theorem for the Hankel transform (see [20, p. 212], [21]), we
have ‖f‖L2(0;+∞) = ‖h‖L2(0;+∞) and

h(t) =

∫ +∞

0

√
tzJν(tz)f(z) dz, f ∈ L2(0; +∞), ν > −1.

As is known, the Hankel transforms are generalizations of the Fourier trans-
forms and it is natural to ask whether such a representation for entire func-
tions is possible in this case also. The L2-analogue of the Paley-Wiener the-
orem for Hankel transforms of order ν ≥ −1/2 was established in the papers
[2, 6, 21, 22, 23, 34, 36]. In particular, Griffith [6] (see also [2, 23, 36]) has been
prove the following statement.

Theorem 1.1 ([6]). Let ν ≥ −1/2. A function G has the representation

G(z) = z−ν
∫ 1

0

√
tJν(zt)g(t) dt

with g ∈ L2(0; 1) if and only if it is an even entire function of exponential type
σ ≤ 1 such that zν+1/2G(z) ∈ L2(0; +∞).
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Griffith’s result has been extended by Andersen and de Jeu [3], Betancor,
Linares and Méndez [5], Tuan and Zayed [21, 22], Unni [23], Weiss [34] and
Zemanian [36]. In addition, in the article [27] (see also [7, 8, 26, 28]), Vynnyts’kyi
and the author generalized Theorem 1.1 to Hankel transforms of order ν ≥ 1/2
in weighted spaces L2((0; 1); t2pdt), p ∈ R.

Theorem 1.2 ([27]). Let ν ≥ 1/2 and p ∈ R. An entire function Ω has the
representation

Ω(z) = z−ν
∫ 1

0

√
tJν(tz)tp−1h(t) dt

with some function h ∈ L2((0; 1);x2pdx) if and only if it is an even entire function
of exponential type σ ≤ 1 such that z−ν+1/2(z2νΩ(z))′ ∈ L2(0; +∞). In this case,

h(t) = t−p
∫ +∞

0

√
tzJν−1(tz)z−ν+1/2(z2νΩ(z))′ dz.

Besides, using Theorem 1.1, in the papers [26, 28, 29, 30] were found a criteria of
the completeness, minimality and basicity of the system

{√
xρkJν(xρk) : k ∈ N

}
in L2(0; 1) if ν ≥ −1/2 and (ρk)k∈N is an arbitrary sequence of distinct nonzero
complex numbers. Moreover, taking into account Theorem 1.2, in [7, 8, 27]
were established a necessary and sufficient conditions for the completeness and
minimality of the system

{
x−p−1

√
xρkJν(xρk) : k ∈ N

}
in L2((0; 1);x2pdx), where

ν ≥ 1/2, p ∈ R and (ρk)k∈N is an arbitrary sequence of nonzero complex numbers.
Those results are formulated in terms of sequences of zeros of functions from
certain classes of entire functions.

Approximation properties of the systems of Bessel functions of index ν < −1,
ν /∈ Z, in weighted L2-spaces were investigated in the papers [10, 11, 12, 18, 19,
24, 25, 31, 32]. To study the completeness of a system

{
ρmk
√
xρkJ−m−1/2(xρk) :

k ∈ N
}

in the space L2((0; 1);x2mdx) where m ∈ N and (ρk)k∈N is a sequence of
distinct nonzero complex numbers, we need to obtain an analogue of the Paley-
Wiener theorem for the Hankel type transform of half-integer order less than −1
in this weighted space. Finding for analogue of Theorem 1.2 for Hankel type
transforms of arbitrary order ν < −1, ν ∈ R, often faces certain difficulties and
this problem remains open.

In the present paper, we study the class of the Hankel type transforms of half-
integer order less than −1 of even entire functions Q of exponential type σ ≤ 1
of the kind

Q(z) = zm
∫ 1

0

√
tzJ−m−1/2(tz)t2mh(t) dt, m ∈ N, (1.1)

with some function h ∈ L2((0; 1);x2mdx). This class of integral transforms arises
in the investigation of some non-classical boundary value problems for Bessel
equation (see [9, 10, 11, 12, 13, 18, 19, 24, 25, 31, 32]) for which the system of their
canonical eigenfunctions is over-complete. In the case where m ∈ {1; 2; 3}, an
integral representation of a class of entire functions of this type were investigated
in [9, 12, 13, 24, 25]. The conditions for the existence of this integral transforms
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are formulated in terms of certain solutions from the corresponding spaces of
some differential equations.

The aim of this paper is to obtain some analogues of the Paley-Wiener theorem
for the Hankel type transform (1.1) in the weighted space L2((0; 1);x2mdx) (see
Theorems 2.1 and 2.4). Close assertions can be found in [21, 22].

2. Main results

Our main results are the following statements.

Theorem 2.1. Let m ∈ N. An entire function Q has the representation (1.1)
with some function h ∈ L2((0; 1);x2mdx) if and only if the differential equation

(−2m+ 1)f(z) + zf ′(z) = Q(z) (2.1)

has a solution f = G which can be presented in the form

G(z) = zm−1
∫ 1

0

√
tzJ−m+1/2(tz)t2m−1h(t) dt. (2.2)

Proof. Necessity. Let m ∈ N and the function Q admits representation (1.1) with
some function h ∈ L2((0; 1);x2mdx). Since (see [4, p. 12], [33, p. 45])

Jν−1(z) + Jν+1(z) =
2ν

z
Jν(z), ν ∈ R, (2.3)

we have

Q(z) =zm
∫ 1

0

√
tzJ−m−1/2(tz)t2mh(t) dt

=zm
∫ 1

0

√
tz

(
2(−m+ 1/2)J−m+1/2(tz)

tz
− J−m+3/2(tz)

)
t2mh(t) dt

=(−2m+ 1)

∫ 1

0

J−m+1/2(tz)

(tz)−m+1/2
tmh(t) dt

− zm+1/2

∫ 1

0

J−m+3/2(tz)t2m+1/2h(t) dt.

Let

G(z) :=

∫ 1

0

J−m+1/2(tz)

(tz)−m+1/2
tmh(t) dt.

Then

G(z) = zm−1
∫ 1

0

√
tzJ−m+1/2(tz)t2m−1h(t) dt.

Since (see [4, p. 11], [33, p. 45])(
Jν(z)

zν

)′
= −Jν+1(z)

zν
, ν ∈ R, (2.4)

we get

G′(z) = −
∫ 1

0

J−m+3/2(tz)

z−m+1/2
t2m+1/2h(t) dt.
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Therefore, we obtain (−2m+ 1)G(z) + zG′(z) = Q(z), that is, the function (2.2)
is a solution to the equation (2.1). The necessity has been proved.

Sufficiency. Let m ∈ N and the equation (2.1) has a solution f = G represent-
ing in the form (2.2) with some function h ∈ L2((0; 1);x2mdx). We have

f(z) = zm−1
∫ 1

0

√
tzJ−m+1/2(tz)t2m−1h(t) dt =

∫ 1

0

J−m+1/2(tz)

(tz)−m+1/2
tmh(t) dt.

Using (2.3) and (2.4), we obtain

Q(z) =(−2m+ 1)f(z) + zf ′(z)

=(−2m+ 1)zm−1/2
∫ 1

0

J−m+1/2(tz)t2m−1/2h(t) dt

− zm+1/2

∫ 1

0

J−m+3/2(tz)t2m+1/2h(t) dt

=zm
∫ 1

0

√
tz

(
(−2m+ 1)

J−m+1/2(tz)

tz
− J−m+3/2(tz)

)
t2mh(t) dt

=zm
∫ 1

0

√
tzJ−m−1/2(tz)t2mh(t) dt.

Hence, the function Q has the form (1.1) with h ∈ L2((0; 1);x2mdx). Theorem 2.1
is proved. �

Remark 2.2. In the case m = 1, Theorem 2.1 has been proved in [24, p. 11], in
the case m = 2 in [9, p. 3], and for m = 3 in [13, p. 75]. Theorem 2.1 indicate the
method of finding a description of the corresponding class of functions Q of the
kind (1.1) for an arbitrary m ∈ N if the solution to the equation (2.1) is known
for some m.

Example 2.3. Let α := 4(−π + 2)/π3. The function

Q(z) =− 4

√
2

π

z2

(z2 − π2/4)3
(
2z2 cos z + (z2 − π2/4)(z sin z + 3 cos z)

)
+

√
2

π

z2 cos z − 7z sin z − 15 cos z

z2 − π2/4
(1− α(z2 − π2/4))

can be represented in the form (1.1) with m = 3 and

h(t) =
4

t5π3

(
2− 2 cos

(π
2
t
)
− πt sin

(π
2
t
))

.

Indeed, the function

G(z) =

√
2

π
z

(1− α(z2 − π2/4))(z2 − π2/4) sin z + 2z cos z

(z2 − π2/4)2

+ 3

√
2

π

cos z

z2 − π2/4
(1− α(z2 − π2/4))
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is represented in the form (2.2) with m = 3 (see [9, Example 1, p. 4]) and is a
solution to the equation (2.1) for m = 3, because

G′(z) =− 2

√
2

π

z

(z2 − π2/4)3
(
4z2 cos z + (z2 − π2/4)(cos z + 2z sin z)

)
+

√
2

π

−2 sin z + z cos z

z2 − π2/4
(1− α(z2 − π2/4)).

Therefore, according to Theorem 2.1, the function Q admits representation (1.1).

Let [x] be the integer part of a real number x, and let (z−1d/dz)
m

be the m-th
power of the differential operator z−1d/dz.

Theorem 2.4. Let m ∈ N. An entire function Q has the representation (1.1)
with some function h ∈ L2((0; 1);x2mdx) if and only if the differential equation√

2

π

[m/2]∑
s=0

(m+ 2s)!

(2s)!(m− 2s)!22s
zm−2sf (m−2s)(z)

−
√

2

π

[(m−1)/2]∑
s=0

(m+ 2s+ 1)!

(2s+ 1)!(m− 2s− 1)!22s+1
zm−2s−1f (m−2s−1)(z) = Q(z)

(2.5)

has a solution f = F belonging to the space PW 2
1,+. Moreover, the function

(z−1d/dz)
m
Q(z) also belongs to PW 2

1,+ and h can be found by one of the following
formulas

h(t) =
2

π

1

tm

∫ +∞

0

F (z) cos(tz) dz, (2.6)

h(t) =

√
2

π
(−1)m

1

t3m

∫ +∞

0

cos(tz)

(
1

z

d

dz

)m
Q(z) dz. (2.7)

Proof. Necessity. Let the function Q admits the representation (1.1) with some
function h ∈ L2((0; 1);x2mdx), m ∈ N, and

F (z) =

∫ 1

0

cos(tz)g(t) dt, g ∈ L2(0; 1). (2.8)

Since (see [19, 32], [33, pp. 46, 55])(
1

z

∂

∂z

)s
J−ν(tz)

(tz)−ν
= (−1)st2s

J−ν+s(tz)

(tz)−ν+s
, t, ν ∈ R, s ∈ N,

√
zJ−1/2(z) =

√
2

π
cos z,

we get (
1

z

d

dz

)s
Q(z) = (−1)s

∫ 1

0

t2s+m
J−m−1/2+s(tz)

(tz)−m−1/2+s
h(t) dt,
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for s ∈ {1; 2; . . . ;m}, and(
1

z

d

dz

)m
Q(z)

= (−1)m
∫ 1

0

t3m
√
tzJ−1/2(tz)h(t) dt

=

√
2

π
(−1)m

∫ 1

0

t2m cos(tz)g(t) dt,

(2.9)

where g(t) := tmh(t) ∈ L2(0; 1). According to the Paley-Wiener theorem, the
functions F (z) and (z−1d/dz)

m
Q(z) belong to PW 2

1,+. Further, since

F (m−2s)(z) = (−1)s
∫ 1

0

tm−2s cos
(
tz +

mπ

2

)
g(t) dt, s ∈ {0; 1; . . . ; [m/2]},

F (m−2s−1)(z) = (−1)s
∫ 1

0

tm−2s−1 sin
(
tz +

mπ

2

)
g(t) dt,

where s ∈ {0; 1; . . . ; [(m− 1)/2]}, and for m ∈ N (see [33, p. 55])√
π

2
(tz)m+1/2J−m−1/2(tz)

= cos
(
tz +

mπ

2

) [m/2]∑
s=0

(−1)s(m+ 2s)!

(2s)!(m− 2s)!22s
(zt)m−2s

− sin
(
tz +

mπ

2

) [(m−1)/2]∑
s=0

(−1)s(m+ 2s+ 1)!

(2s+ 1)!(m− 2s− 1)!22s+1
(zt)m−2s−1,

(2.10)

we obtain√
2

π

[m/2]∑
s=0

(m+ 2s)!

(2s)!(m− 2s)!22s
zm−2sF (m−2s)(z)

−
√

2

π

[(m−1)/2]∑
s=0

(m+ 2s+ 1)!

(2s+ 1)!(m− 2s− 1)!22s+1
zm−2s−1F (m−2s−1)(z)

=

√
2

π

∫ 1

0

cos
(
tz +

mπ

2

) [m/2]∑
s=0

(−1)s(m+ 2s)!

(2s)!(m− 2s)!22s
(zt)m−2sg(t) dt

−
√

2

π

∫ 1

0

sin
(
tz +

mπ

2

) [(m−1)/2]∑
s=0

(−1)s(m+ 2s+ 1)!

(2s+ 1)!(m− 2s− 1)!22s+1
(zt)m−2s−1g(t) dt

=

∫ 1

0

(tz)m+1/2J−m−1/2(tz)tmh(t) dt

=zm
∫ 1

0

√
tzJ−m−1/2(tz)t2mh(t) dt = Q(z).

Therefore, the necessity has been proved.
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Sufficiency. Let the equation (2.5) has a solution f = F belonging to PW 2
1,+.

Due to the Paley-Wiener theorem, we have

f(z) =

∫ 1

0

cos(tz)g(t) dt, g ∈ L2(0; 1).

Hence, using (2.10), we get

Q(z) =

√
2

π

[m/2]∑
s=0

(m+ 2s)!

(2s)!(m− 2s)!22s
zm−2sf (m−2s)(z)

−
√

2

π

[(m−1)/2]∑
s=0

(m+ 2s+ 1)!

(2s+ 1)!(m− 2s− 1)!22s+1
zm−2s−1f (m−2s−1)(z)

=zm
∫ 1

0

√
tzJ−m−1/2(tz)t2mh(t) dt,

where h(t) := t−mg(t) ∈ L2((0; 1);x2mdx). Thus, we obtain representation (1.1).
Formulas (2.6) and (2.7) follow from the equalities (2.8) and (2.9) and the formula
for the inverse Fourier cosine-transformation. Theorem 2.4 is proved. �

Corollary 2.5. Let an entire function Q be defined by the formula (1.1). Then
Q is an even entire function of exponential type σ ≤ 1 such that for all z ∈ C
and m ∈ N, we have

|Q(z)| ≤ c1
e| Im z|√

1 + | Im z|
(1 + |z|)m, c1 > 0.

Proof. Indeed, using (2.10) and Schwartz’s inequality, similarly to [19] (see also
[9, 12, 15, 18, 24, 25]), we obtain the required statement. �

Example 2.6. The function Q(z) =
√

2/πz8 cos z cannot be represented in the
form (1.1) with m = 4. In fact, for this function Q and m = 4 the differential
equation (2.5) has the form

z4f (4)(z)− 10z3f (3)(z) + 45z2f ′′(z)− 105zf ′(z) + 105f(z) = z8 cos z

and its solution is the function F (z) = −6z3 sin z+15z sin z+z4 cos z−15z2 cos z+
C1z

7 + C2z
5 + C3z

3 + C4z. But there are no constants C1, C2, C3 and C4 for
which the function F belongs to PW 2

1,+. Indeed, F is an even entire function only

if C1 = C2 = C3 = C4 = 0, and in this case, the function G(z) = −6z3 sin z +
15z sin z+z4 cos z−15z2 cos z does not belong toW 2

1,+ sinceG /∈ L2(R). Therefore,

the equation (2.5) with Q(z) =
√

2/πz8 cos z and m = 4 has no solution belonging
to PW 2

1,+. Hence, by Theorem 2.4, the function Q cannot be represented in the
form (1.1) with m = 4.

Remark 2.7. In the case m = 1, Theorem 2.4 has been proved in [24, p. 11], in
the case m = 2 in [9, p. 4], and for m = 3 in [13, p. 76]. In the case m = 1, an
analog of Theorem 2.4 by some other method has been proved in [12, p. 6338].

Remark 2.8. Theorems 2.1 and 2.4 give a characterization of a class of even entire
functions Q of exponential type σ ≤ 1, for which differential equations (2.1) and
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(2.5) have certain solutions in the corresponding spaces. Similar problems are
studied in many papers (see, for instance, [14]).

3. Conclusions

In this paper, we construct certain analogues of the Paley-Wiener theorem for
the Hankel type transform of half-integer order less than −1 in weighted L2-
spaces. These Paley-Wiener-type theorems give a description of the class of even
entire functions of exponential type σ ≤ 1 under this transformation in terms of
the existence of certain solutions of some differential equations (see Theorems 2.1
and 2.4). The corresponding examples are given (see Examples 2.3 and 2.6).
Those results can be used for the investigation of completeness of the system{
ρmk
√
xρkJ−m−1/2(xρk) : k ∈ N

}
in L2((0; 1);x2mdx), where m ∈ N and (ρk)k∈N

is a sequence of distinct nonzero complex numbers.

4. Acknowledgements

The author is thankful to respected editor and the anonymous reviewers for
their careful reading of the paper and several valuable suggestions which have
improved the presentation of the paper.

References

1. Ahmed, W. F. S., Salamooni, A. Y. A., & Pawar, D. D. (2022). Solution of fractional
kinetic equation for Hadamard type fractional integral via Mellin transform. Gulf Journal
of Mathematics, 12(1), 15-27. https://doi.org/10.56947/gjom.v12i1.781

2. Akhiezer, N. I. (1957). To the theory of coupled integral equations. Uchenye Zapiski of
Kharkov State University, 25, 5–31. (in Russian)

3. Andersen, N. B., & de Jeu, M. (2005). Elementary proofs of Paley-Wiener theorems for
the Dunkl transform on the real line. International Mathematics Research Notices, 30,
1817-1831. https://doi.org/10.1155/IMRN.2005.1817

4. Bateman, H., & Erdelyi, A. (1953). Higher transcendental functions, Vol. II. McGraw-Hill,
New York-Toronto-London.

5. Betancor, J. J., Linares, M., & Méndez, J. M. R. (1995). Paley-Wiener theorems for the
Hankel transformation. Rendiconti del Circolo Matematico di Palermo, 44(2), 293-300.
https://doi.org/10.1007/BF02850837

6. Griffith, J. L. (1955). Hankel transforms of functions zero outside a finite interval. Journal
and Proceedings of the Royal Society of New South Wales, 89, 109-115. https://doi.org/
10.5962/p.360686

7. Khats’, R. V. (2021). On conditions of the completeness of some systems of Bessel functions
in the space L2((0; 1);x2pdx). Azerbaijan Journal of Mathematics, 11(1), 3-10.

8. Khats’, R. V. (2021). Completeness conditions of systems of Bessel functions in weighted
L2-spaces in terms of entire functions. Turkish Journal of Mathematics, 45(2), 890-895.
https://doi.org/10.3906/mat-2101-76

9. Khats’, R. V. (2022). Integral representation of one class of entire functions. Armenian Jour-
nal of Mathematics, 14(1), 1-9. https://doi.org/10.52737/18291163-2022.14.1-1-9

10. Khats’, R. V. (2022). Generalized eigenvectors of linear operators and biorthogonal sys-
tems. Constructive Mathematical Analysis, 5(2), 60-71. https://doi.org/10.33205/cma.
1077842

11. Khats’, R. V. (2023). Completeness of the system of generalized eigenfunctions for a Bessel-
type differential operator. Journal of Mathematical Sciences, 274(6), 898-911. https://
doi.org/10.1007/s10958-023-06652-2

https://doi.org/10.56947/gjom.v12i1.781
https://doi.org/10.1155/IMRN.2005.1817
https://doi.org/10.1007/BF02850837
https://doi.org/10.5962/p.360686
https://doi.org/10.5962/p.360686
https://doi.org/10.3906/mat-2101-76
https://doi.org/10.52737/18291163-2022.14.1-1-9
https://doi.org/10.33205/cma.1077842
https://doi.org/10.33205/cma.1077842
https://doi.org/10.1007/s10958-023-06652-2
https://doi.org/10.1007/s10958-023-06652-2


10 R. KHATS’

12. Khats’, R. V. (2023). On the completeness of a system of Bessel functions of index −3/2 in
weighted L2-space. Filomat, 37(19), 6335-6343. https://doi.org/10.2298/FIL2319335K

13. Khats’, R. V. (2023). On the integral representation of one class of entire functions of
exponential type. Scientific Bulletin of Uzhhorod University. Series of Mathematics and
Informatics, 43(2), 72-81. (in Ukrainian) https://doi.org/10.24144/2616-7700.2023.

43(2).72-81

14. Laine, I. (2011). Nevanlinna theory and complex differential equations, Walter de Gruiter,
Berlin. https://doi.org/10.1515/9783110863147

15. Levin, B. Ya. (1996). Lectures on entire functions, Transl. Math. Monogr, Vol. 150. Amer.
Math. Soc., Providence, Rhode Island, USA. https://doi.org/10.1090/mmono/150

16. Porwal, S., & Ahamad, D. (2015). Connections between certain classes of harmonic univa-
lent mappings involving generalized Bessel functions. Gulf Journal of Mathematics, 3(4),
98-110. https://doi.org/10.56947/gjom.v3i4.39

17. Sedletskii, A. M. (2005). Analytic Fourier transforms and exponential approximations.
I. Journal of Mathematical Sciences, 129(6), 4251-4408. https://doi.org/10.1007/

s10958-005-0349-y

18. Shavala, O. V. (2015). On some approximation properties of the Bessel functions of order
−5/2. Matematychni Studii, 43(2), 180-184. (in Ukrainian) https://doi.org/10.15330/

ms.43.2.180-184

19. Shavala, O. V. (2017). On completeness of systems of functions generated by the Bessel
function. Bukovinian Mathematical Journal, 5(3-4), 168-171. (in Ukrainian)

20. Titchmarsh, E. C. (1948). Introduction to the theory of Fourier integrals, 2nd ed. Clarendon
Press, Oxford.

21. Tuan, V. K. (1997). On the range of the Hankel and extended Hankel transforms. Journal
of Mathematical Analysis and Applications, 209(2), 460-478. https://doi.org/10.1006/
jmaa.1997.5351

22. Tuan, V. K., & Zayed, A. I. (2002). Paley-Wiener-type theorems for a class of integral
transforms. Journal of Mathematical Analysis and Applications, 266(1), 200-226. https:
//doi.org/10.1006/jmaa.2001.7740

23. Unni, K. R. (1965). Hankel transforms and entire functions. Bulletin of the American Math-
ematical Society, 71(3), 511-513. https://doi.org/10.1090/S0002-9904-1965-11303-9

24. Vynnyts’kyi, B. V., & Dilnyi, V. M. (2014). On approximation properties of one
trigonometric system. Russian Mathematics, 58(11), 10-21. https://doi.org/10.3103/
S1066369X14110024

25. Vynnyts’kyi, B. V., & Khats’, R. V. (2010). Some approximation properties of the systems
of Bessel functions of index −3/2. Matematychni Studii, 34(2), 152-159.

26. Vynnyts’kyi, B. V., & Khats’, R. V. (2013). Completeness and minimality of systems of
Bessel functions. Ufa Mathematical Journal, 5(2), 131-141. https://doi.org/10.13108/
2013-5-2-131

27. Vynnyts’kyi, B. V., & Khats’, R. V. (2015). On the completeness and minimality of sets of
Bessel functions in weighted L2-spaces. Eurasian Mathematical Journal, 6(1), 123-131.

28. Vynnyts’kyi, B. V., & Khats’, R. V. (2015). A remark on basis property of systems
of Bessel and Mittag-Leffler type functions. Journal of Contemporary Mathematical
Analysis (Armenian Academy of Sciences), 50(6), 300-305. https://doi.org/10.3103/

S1068362315060060

29. Vynnyts’kyi, B. V., & Khats’, R. V. (2017). Complete biorthogonal systems of Bessel
functions. Matematychni Studii, 48(2), 150-155. https://doi.org/10.15330/ms.48.2.

150-155

30. Vynnyts’kyi, B. V., Khats’, R. V., & Sheparovych, I. B. (2020). Unconditional bases of
systems of Bessel functions. Eurasian Mathematical Journal, 11(4), 76-86. https://doi.
org/10.32523/2077-9879-2020-11-4-76-86

https://doi.org/10.2298/FIL2319335K
https://doi.org/10.24144/2616-7700.2023.43(2).72-81
https://doi.org/10.24144/2616-7700.2023.43(2).72-81
https://doi.org/10.1515/9783110863147
https://doi.org/10.1090/mmono/150
https://doi.org/10.56947/gjom.v3i4.39
https://doi.org/10.1007/s10958-005-0349-y
https://doi.org/10.1007/s10958-005-0349-y
https://doi.org/10.15330/ms.43.2.180-184
https://doi.org/10.15330/ms.43.2.180-184
https://doi.org/10.1006/jmaa.1997.5351
https://doi.org/10.1006/jmaa.1997.5351
https://doi.org/10.1006/jmaa.2001.7740
https://doi.org/10.1006/jmaa.2001.7740
https://doi.org/10.1090/S0002-9904-1965-11303-9
https://doi.org/10.3103/S1066369X14110024
https://doi.org/10.3103/S1066369X14110024
https://doi.org/10.13108/2013-5-2-131
https://doi.org/10.13108/2013-5-2-131
https://doi.org/10.3103/S1068362315060060
https://doi.org/10.3103/S1068362315060060
https://doi.org/10.15330/ms.48.2.150-155
https://doi.org/10.15330/ms.48.2.150-155
https://doi.org/10.32523/2077-9879-2020-11-4-76-86
https://doi.org/10.32523/2077-9879-2020-11-4-76-86


PALEY-WIENER THEOREM FOR THE HANKEL TYPE TRANSFORM 11

31. Vynnyts’kyi, B. V., & Shavala, O. V. (2008). Boundedness of solutions of a second-order lin-
ear differential equation and a boundary value problem for Bessel’s equation. Matematychni
Studii, 30(1), 31-41. (in Ukrainian)

32. Vynnyts’kyi, B. V., & Shavala, O. V. (2013). Some properties of boundary value problems
for Bessel’s equation. Mathematical Bulletin of the Shevchenko Scientific Society, 10, 169-
172.

33. Watson, G. N. (1944). A treatise on the theory of Bessel functions, 2nd ed. Cambridge
University Press, Cambridge.

34. Weiss, B. (1967). Measures that vanish on half spaces. Proceedings of the American Math-
ematical Society, 18, 123-126. https://doi.org/10.1090/S0002-9939-1967-0208278-5

35. Wiener, N., & Paley, R. C. (1934). Fourier transforms in the complex domain. Colloquium
Publications, Vol. 19. Amer. Math. Soc., Providence, Rhode Island, USA. https://doi.
org/10.1090/coll/019

36. Zemanian, A. H. (1966). The Hankel transformation of certain distributions of rapid growth.
SIAM Journal on Applied Mathematics, 14, 678-690. https://doi.org/10.1137/0114056

Department of Mathematics and Economics, Drohobych Ivan Franko State
Pedagogical University, Stryis’ka 3, 82100 Drohobych, Ukraine

Email address: khats@ukr.net

https://doi.org/10.1090/S0002-9939-1967-0208278-5
https://doi.org/10.1090/coll/019
https://doi.org/10.1090/coll/019
https://doi.org/10.1137/0114056

	1. Introduction
	2. Main results
	3. Conclusions
	4. Acknowledgements
	References

