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AN ANALOGUE OF THE PALEY-WIENER THEOREM FOR
THE HANKEL TYPE TRANSFORM IN WEIGHTED L*-SPACES

RUSLAN KHATS’

ABSTRACT. In this paper, we establish some analogues of the Paley-Wiener
theorem for the Hankel type transform of half-integer order less than —1 in
weighted L2-spaces. These Paley-Wiener-type theorems give a description of
the class of even entire functions of exponential type o < 1 under this transfor-
mation in terms of solutions from the corresponding spaces of some differential
equations.

1. INTRODUCTION

Let L?(X) be the space of all measurable functions f : X — C on a measurable
set X C R with the norm

22 = 2d s
11200 /X (@) da

let v € R and let L?((0; 1); t7dt) be the weighted Lebesgue space of all measurable
functions f : (0;1) — C, satisfying

1
/ ()2 dt < +oo.
0
The function h belongs to the space L?((0;1);¢7dt) if and only if the function
g(t) = t772h(t) belongs to L?(0;1). Let (see, for example, [4, p. 4], [33, p. 40], [1],

[16])

0 (_1)k(z/2)u+2k
Io(z) :; itk 2€C

be the Bessel function of the first kind of index v € R, where I' is the classical
Gamma function. Since (see [33, p. 55])

2 d \" scosz
J—m—l/?(’z> = _Zm+1/2 <%) ( > , me Na

™ z

the function f(t) = 2™V/tzJ_,_1/2(tz) belongs to the space L*((0;1);t*™dt) for
every m € N and z € C.
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An entire function G is said to have an exponential type o € [0;+00) (see
[15, p. 4], [17, p. 4262]) if for any € > 0 there exists a constant c(g) such that
|G(2)] < c(e)exp((o + ¢€)|z]) for all z € C. Let us denote by PW? the set of all
entire functions of exponential type o € (0; +00) whose narrowing on R belongs
to L*(R), and by PWi . we denote the class of even entire functions from PW2.
By the Paley-Wiener theorem (see [15, p. 69], [17, p. 4263], [35, p. 12]), the class
PW?2 coincides with the class of functions G representable as

G(z) = /U eg(t)dt, g€ L*(—0;0),

—0

and the class PW? consists of the functions G of the following kind:
G(z) :/ cos(tz)g(t)dt, g€ L*(0;0).
0

Moreover, [lg]lz2(0) = /2771 Gllz2(0:40) and

“+oo
g(t) = g/0 G(z) cos(tz) dz.

™

The Hankel transform of order v > —1/2 of a function f € L?(0; +00) is defined
by the formula (see [20, 21, 23, 33])

+00
f(z) = VizJ,(tz)h(t)dt, h e L*(0;+00),
0
where the integral is taken in the L2-sense or in the mean, that is,

2

lim 0+oo‘f(z)_/0u VitzJ,(t2)h(t) dt| dz=0.

U—>=+00
By the Plancherel theorem for the Hankel transform (see [20, p. 212], [21]), we
have || fll 2000 = lIAll22(0:400) and

+00
h(t) = Vizd,(t2)f(2)dz,  f € L*(0;400), v>—1.
0
As is known, the Hankel transforms are generalizations of the Fourier trans-

forms and it is natural to ask whether such a representation for entire func-
tions is possible in this case also. The L2-analogue of the Paley-Wiener the-
orem for Hankel transforms of order v > —1/2 was established in the papers
(2,6, 21, 22, 23, 34, 36]. In particular, Griffith [0] (see also [2, 23, 36]) has been
prove the following statement.

Theorem 1.1 ([6]). Let v > —1/2. A function G has the representation
1
G(z) =z / Vi, (zt)g(t) dt
0

with g € L*(0;1) if and only if it is an even entire function of exponential type
o <1 such that 2*71/2G(z) € L?(0; +00).
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Griffith’s result has been extended by Andersen and de Jeu [3], Betancor,
Linares and Méndez [5], Tuan and Zayed [21, 22], Unni [23], Weiss [31] and
Zemanian [30]. In addition, in the article [27] (see also [7, &, 26, 28]), Vynnyts'kyi
and the author generalized Theorem 1.1 to Hankel transforms of order v > 1/2
in weighted spaces L%((0;1);t%Pdt), p € R.

Theorem 1.2 ([27]). Let v > 1/2 and p € R. An entire function 2 has the
representation

Qz) =277 /0 1 VI, (t2) P h(t) dt

with some function h € L*((0;1); 2*dz) if and only if it is an even entire function
of exponential type o < 1 such that z7"*Y/2(22Q(2)) € L*(0;+o0). In this case,
+oo
h(t) =tP Vitzd, 1 (t2) 2 VT2 (22 Q(2)) de.
0

Besides, using Theorem 1.1, in the papers [26, 28, 29, 30] were found a criteria of
the completeness, minimality and basicity of the system {\/:p—ka,,(:Bpk) ke N}
in L?(0;1) if v > —1/2 and (pg)ren is an arbitrary sequence of distinct nonzero
complex numbers. Moreover, taking into account Theorem 1.2) in [7, 8, 27]
were established a necessary and sufficient conditions for the completeness and
minimality of the system {z7~1\/ZpyJ, (zpy) : k € N} in L*((0;1); 2*Pdz), where
v >1/2,p € Rand (pg)ren is an arbitrary sequence of nonzero complex numbers.
Those results are formulated in terms of sequences of zeros of functions from
certain classes of entire functions.

Approximation properties of the systems of Bessel functions of index v < —1,
v & Z, in weighted L?-spaces were investigated in the papers [10, 11, 12, 18, 10,

, 25, 31, 32]. To study the completeness of a system {p?\/m_ka_m_l/g(xpk) :
k € N} in the space L*((0;1); 2?™dz) where m € N and (py)ren is a sequence of
distinct nonzero complex numbers, we need to obtain an analogue of the Paley-
Wiener theorem for the Hankel type transform of half-integer order less than —1
in this weighted space. Finding for analogue of Theorem 1.2 for Hankel type
transforms of arbitrary order v < —1, v € R, often faces certain difficulties and
this problem remains open.

In the present paper, we study the class of the Hankel type transforms of half-
integer order less than —1 of even entire functions () of exponential type o < 1
of the kind

Qz) = 2" /01 \/EJ_m_l/g(tz)t%lh(t) dt, meN, (1.1)

with some function h € L%((0;1); x*™dz). This class of integral transforms arises
in the investigation of some non-classical boundary value problems for Bessel
equation (see [9, 10, 11, 1213, 1819, 24,25, 31, 32]) for which the system of their
canonical eigenfunctions is over-complete. In the case where m € {1;2;3}, an
integral representation of a class of entire functions of this type were investigated
in [0, 12, 13, 24, 25]. The conditions for the existence of this integral transforms
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are formulated in terms of certain solutions from the corresponding spaces of
some differential equations.

The aim of this paper is to obtain some analogues of the Paley-Wiener theorem
for the Hankel type transform (1.1) in the weighted space L?((0;1); z*™dx) (see
Theorems 2.1 and 2.4). Close assertions can be found in [21,

2. MAIN RESULTS
Our main results are the following statements.

Theorem 2.1. Let m € N. An entire function () has the representation (1.1)
with some function h € L?((0;1); z*™dx) if and only if the differential equation

(—2m +1)f(2) + 2f'(2) = Q(2) (2.1)

has a solution f = G which can be presented in the form

1
Glz) = 7! / VI i1 a(t2) P h(1) dt. (2.2)
0

Proof. Necessity. Let m € N and the function ) admits representation (1.1) with

some function h € L*((0;1); 2*™dx). Since (see [, p. 12], [33, p. 45])

2
Jyo1(2) + Jopi(2) = 7”Jy(z>, v ER, (2.3)
we have

Q(Z) =" /1 \/Ej_m_l/g(tz)ﬂmh(t) dt
—,m /1 \/E (2<_m + 1/2)J7m+1/2(t'z) . J_m+3/2(t2)> tth(t) dt

tz

1
J,m+1/2(t2) m

1
— /2 / T _mya2(t2) T2 0(t) dt.
0

Let )

L J,m+1/2(t2) m
Then )

Glz) = 2 / VI i1 a(t2) P h(1) dt.
0
Since (see [1, p. 11], [33, p. 45])
(—‘]”(Z>> __Jen@ g (2.4)

zY zY

we get

Z—m+1/2

L - t
G'(2) = —/0 i(z)ﬂm“/%(t) dt.
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Therefore, we obtain (—2m + 1)G(2) + 2G'(z) = Q(z), that is, the function (2.2)
is a solution to the equation (2.1). The necessity has been proved.

Sufficiency. Let m € N and the equation (2.1) has a solution f = G represent-
ing in the form (2.2) with some function h € L*((0;1); z*™dx). We have

1 J_m+1/2 (tZ)

ek ™ h(t) dt.

f(z) = zm‘l/o VT i1 2 (E2) 2" 0(t) dt = /0
Using (2.3) and (2.4), we obtain
Q) =(—2m + 1) f(2) + 2f'(2)

1
=(—2m + 1)zm—1/2/ T 12 (82) V2 R(t) dt
0
1
. Zm+1/2/ J_m+3/2(t2)t2m+1/2h(t) dt
0

=" /O = <(—2m + 1)‘]‘L/2(’5Z) - J_m+3/2(tz)) £2m D (¢) dt

tz
1
=™ / Vizd 1o (t2)t*™h(t) dt.
0

Hence, the function ) has the form (1.1) with h € L*((0;1); x*"dz). Theorem 2.1
is proved. 0

Remark 2.2. In the case m = 1, Theorem 2.1 has been proved in [24, p. 11], in
the case m = 2 in [9, p. 3], and for m = 3 in [13, p. 75]. Theorem 2.1 indicate the
method of finding a description of the corresponding class of functions @) of the
kind (1.1) for an arbitrary m € N if the solution to the equation (2.1) is known
for some m.

Example 2.3. Let a := 4(—7 + 2)/m3. The function
Q(z) =— 4\/22—2 (22 cos z 4 (22 — w*/4)(2sin 2 + 3 cos 2))
(22 —7w2/4)3

22%cosz — Tzsinz — 15cos z 9 9
+\/; 22— n2/4 (1 —a(z" —77/4))

can be represented in the form (1.1) with m = 3 and

h(t) = % <2 — 2cos (gt) — 7t sin (gt)) :

Indeed, the function

12 (I—a(z®—n%/4))(2* — 7% /4) sin z + 2z cos 2
Gl =y 72 (22 — n2/4)?

2 cosz 9 9
+3\/;22_—7T2/4(1—04(z —7°/4))
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is represented in the form (2.2) with m = 3 (see [9, Example 1, p. 4]) and is a
solution to the equation (2.1) for m = 3, because

") = — 2z 22 cosz + (2% — 7 cosz + 2zsin z
oz = z\/;zg_ﬂ/m(zx 4 (2 7 4)(cos = + 22 5in 2))

2 —2sinz+ zcosz 9 9
+\/; Ry (1 —a(z®—7m7/4)).

Therefore, according to Theorem 2.1, the function () admits representation (1.1).

Let [z] be the integer part of a real number x, and let (27'd/dz)™ be the m-th
power of the differential operator z~1d/dz.

Theorem 2.4. Let m € N. An entire function () has the representation (1.1)
with some function h € L?((0;1); z*™dx) if and only if the differential equation

[m/2]
m + 28 m—2s p(m—2s)
\/7 Z (2s)!(m — 2s) 1225 / (2)

(m 1)/2]

2s +1)!

_ \/j Z (m+2s+1) 1Zm—2s—1f(m—2s—1)<z) = Q(2)
T = (2s+1)I(m—2s —1)12%F

has a solution f = F belonging to the space PWEJF. Moreover, the function

(z7'd/dz)" Q(z) also belongs to PW? . and h can be found by one of the following
formulas

(2.5)

21
7Ttm

h(t) = R G) cos(t2) de, (2.6)

h(t) = 1) 2 (1) /0 ™ cos(t2) <li)m Q(2) dz. (2.7)

Proof. Necessity. Let the function ) admits the representation (1.1) with some
function h € L?((0;1); 2*™dz), m € N, and

F(z) = /0 cos(t2)g(t) dt, g€ L2(0:1). (2.8)
Since (see [19, 32], [33, pp. 46, 55])
lﬁ ’ J,,,(tz) — 2s J*V+S(tz) v s
(282) (tz)=v (=1)% (tz)—vts’ tveR, €f,

2
5= L

(11) Q) = (—1)° /0 1 t25+m—i;$_122ﬁjgii) h(t) dt,

we get

zdz
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for s € {1;2;...;m}, and

(15) Q)

= (-)™ /01 Ptz (t2) (1) dt (2.9)

= z(—l)m/o 2™ cos(t2)g(t) dt,

7

where ¢(t) := t™h(t) € L*(0;1). According to the Paley-Wiener theorem, the
functions F(z) and (z~'d/dz)"™ Q(z) belong to PW? . Further, since

1
Fom=29) () = (—1)5/ #7725 s (tz~|— %) gty dt, se{0;1;...:[m/2},
0
1
Fm=25-1) ) (_1ys / 2 sin (14 ") (1) di,
0 2
where s € {0;1;...;[(m —1)/2]}, and for m € N (see [33, p. 55])

\/g(tz)m“ﬂj_m_l a(t2)

[m/2]
mm (=1)°(m + 2s)! s
- (tz * 7> ; (2s)!(m — 2s)1225 (1) (2.10)

[(m—zw/ﬂ (—=1)*(m +2s + 1)! (zt)m=25-1
( )

25+ 1)l(m — 2s — 1)122s+1

i (t + m7r>
—sin (tz + —
2

we obtain

m + 28 m—2s p(m—2s)
\/7Z m =z L)

[(m— 1)/2]
(m + 25 + 1)' Zm72sle(mf2sfl) (Z)
(2s + 1)l(m — 25 — 1)122s+1

\/7/ cos tz + —> Z/: 29) —1) mm —gszfQ)ZS(zt)mQSg(t) dt

/2 (m+23+1)

)
\/7/ sm tz + —) Z (25 + (m — 25 — 1)122o71 (2t)™ 2571 (t) dt

s=0

= / (L2)™ 2T 1 ja(t2)t™R(t) dt

=™ /1 Vizd 1 (t2) P h(t) dt = Q(2).

Therefore, the necessity has been proved.
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Sufficiency. Let the equation (2.5) has a solution f = F' belonging to PWﬁ+.
Due to the Paley-Wiener theorem, we have

f(z)= /o cos(tz)g(t)dt, g€ L*(0;1).

Hence, using (2.10), we get

[m/2
\/72/] m+2$) m25fm 25()
25)1(m — 2s)12%s

m—1)/2]
\/7 (m+2s+1)! Zm—25—1f(m—25—1)(z>
(25 + 1)!(m — 25 — 1)122s+1

=™ / \/Ej_m_l/g(tz)t””h(t) dt,
0

where h(t) :=t"™g(t) € L*((0;1); 2*™dx). Thus, we obtain representation (1.1).
Formulas (2.6) and (2.7) follow from the equalities (2.8) and (2.9) and the formula
for the inverse Fourier cosine-transformation. Theorem 2.4 is proved. |

Corollary 2.5. Let an entire function Q) be defined by the formula (1.1). Then
Q is an even entire function of exponential type o < 1 such that for all z € C
and m € N, we have

| Im 2|
e
Q12| <ci————===(1+|2))™, 1 >0.
06) < 4o (14", o
Proof. Indeed, using (2.10) and Schwartz’s inequality, similarly to [19] (see also
9, 12, 15, 18, 24, 25]), we obtain the required statement. O

Example 2.6. The function Q(z) = 1/2/72% cos 2z cannot be represented in the
form (1.1) with m = 4. In fact, for this function @ and m = 4 the differential
equation (2.5) has the form

AW (2) = 1023 £ (2) + 4522 f7(2) — 1052 f"(2) + 105f(2) = 28 cos 2
and its solution is the function F(z) = —623sin 24152 sin z+2% cos z—152% cos z+
C12" 4 Cy2° 4+ C323 + Cyz. But there are no constants O, Cy, C3 and Oy for
which the function F' belongs to PWf 4. Indeed, F'is an even entire function only
if O = Cy = C3 = Cy =0, and in this case, the function G(z) = —623sinz +
15z sin 242" cos z—1527 cos z does not belong to W7 since G ¢ L*(R). Therefore,
the equation (2.5) with Q(z) = 1/2/mz® cos z and m = 4 has no solution belonging

to PWﬁ 4. Hence, by Theorem 2.4, the function ) cannot be represented in the
form (1.1) with m = 4.

Remark 2.7. In the case m = 1, Theorem 2.4 has been proved in [24, p. 11], in
the case m = 2 in [9, p. 4], and for m = 3 in [13, p. 76]. In the case m = 1, an
analog of Theorem 2.4 by some other method has been proved in [12, p. 6338].

Remark 2.8. Theorems 2.1 and 2.4 give a characterization of a class of even entire
functions @) of exponential type o < 1, for which differential equations (2.1) and
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(2.5) have certain solutions in the corresponding spaces. Similar problems are
studied in many papers (see, for instance, [14]).

3. CONCLUSIONS

In this paper, we construct certain analogues of the Paley-Wiener theorem for
the Hankel type transform of half-integer order less than —1 in weighted L*-
spaces. These Paley-Wiener-type theorems give a description of the class of even
entire functions of exponential type o < 1 under this transformation in terms of
the existence of certain solutions of some differential equations (see Theorems 2.1
and 2.4). The corresponding examples are given (see Examples 2.3 and 2.6).
Those results can be used for the investigation of completeness of the system

{ /TP —p—1jo(zpr) + k € N} in L2((0;1); 2*™dx), where m € N and (py.)ren

is a sequence of distinct nonzero complex numbers.
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