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EF

(
d u

d x

)2

dx−
L∫

0

p (x) u (x) dx, )@-
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(
α11

α12

)
=

(
1 0
1 L1

)−1

·
(
q1
q2

)
=

(
q1

− q1
L1

+ q2
L1

)
,

%##.2"����� ;3�%:�=

f11 = 1− x

L1
, f12 =

x

L1
,

;3�%:�7 $1.1/�G1�4 $1.K#�# !%��C1��#�# 1 1/1�D
��

u1 (x, q1, q2) = q1 · f11 + q2 · f12;
!%��C1��"< 1 1/1�� � q

%#1;�:�E��" $# ��#/�

(
α21

α22

)
=

(
1 L1

1 L1 + L2

)−1

·
(
q2
q3

)
=

=

( L1+L2

L2
· q2 − L1

L2
· q3

− q2
L2

+ q3
L2

)
,

%##.2"����� ;3�%:�=

f21 =
L1 + L2

L2
− x

L2
, f22 = −L1

L2
+

x

L2
,

;3�%:�7 $1.1/�G1�4 2.3�#�# !%��C1��#�# 1 1/1���

u2 (x, q2, q3) = q2 · f21 + q3 · f22;

!%��C1��"< 1 1/1�� Q q

%#1;�:�E��" $# ��#/�

(
α31

α32

)
=

(
1 L1 + L2

1 L1 + L2 + L3

)−1

·
(
q3
q4

)
=

=

( L1+L2+L3

L3
· q3 − L1+L2

L3
· q4

− q3
L3

+ q4
L3

)
,

%##.2"����� ;3�%:�=

f31 =
L1 + L2 + L3

L3
− x

L3
, f32 = −L1 + L2

L3
+

x

L3
,

;3�%:�7 $1.1/�G1�4 �.1�4#�# !%��C1��#�# 1 1/1�D
��

u3 (x, q3, q4) = q3 · f31 + q4 · f32.

���.":F %#1;�:�E���� 6#.!�%#!�� �"5��C"/#
5� ;#./3 #F, ���121�#F � .#J#�� VLW

kij = F
L∫
0

σi (x) εj (x) dx =
L∫
0

EF
(
d u
d x

)
i
· (d ud x)j dx,

)i = 1, 2; j = 1, 2)�

i .153 4���� 2 7 .#5� 723���"0 !%��C1��"0
1 1/1���� 2�!��E/#h

!%��C1��"< 1 1/1�� @ q

[K11]
e = E1F1

⎡
⎢⎢⎢⎣

L1∫
0

du1(x,1,0)
d x

×
× du1(x,1,0)

d x
dx

L1∫
0

d u1(x,1,0)
d x

·
d u1(x,0,1)

d x
dx

L1∫
0

du1(x,0,1)
d x

×
× du1(x,1,0)

d x
dx

L1∫
0

du1(x,0,1)
d x

×
× du1(x,0,1)

d x
dx

⎤
⎥⎥⎥⎦ =

s

=

[
1
L1

E1F1 − 1
L1

E1F1

− 1
L1

E1F1
1
L1

E1F1

]
;

!%��C1��"< 1 1/1�� � q

[K22]
e
= E2F2

⎡
⎢⎢⎢⎣

L1+L2∫
L1

d u2(x,1,0)
dx · du2(x,1,0)

d x dx
L1+L2∫
L1

d u2(x,1,0)
d x · d u2(x,0,1)

dx dx

L1+L2∫
L1

d u2(x,0,1)
dx · du2(x,1,0)

d x dx
L1+L2∫
L1

d u2(x,0,1)
d x · d u2(x,0,1)

dx dx

⎤
⎥⎥⎥⎦ =

��������	 
��
���� �	����� ���������� �� 	����������� ��� ����



JX #('8.- V	h	% $�-*!' Z	 	% [7!7;@)>- 5	 	

=

⎡
⎣
(
L1+L2

L2
2

− L1

L2
2

)
E2F2

(
−L1+L2

L2
2

+ L1

L2
2

)
E2F2(

−L1+L2

L2
2

+ L1

L2
2

)
E2F2

(
L1+L2

L2
2

− L1

L2
2

)
E2F2

⎤
⎦;

!%��C1��"< 1 1/1�� Q q

[K33]
e
= E3F3

⎡
⎢⎢⎢⎣

L1+L2+L3∫
L1+L2

d u3(x,1,0)
d x · d u3(x,1,0)

d x dx
L1+L2+L3∫
L1+L2

d u3(x,1,0)
dx · du3(x,0,1)

d x dx

L1+L2+L3∫
L1+L2

d u3(x,0,1)
d x · d u3(x,1,0)

d x dx
L1+L2+L3∫
L1+L2

d u3(x,0,1)
dx · du3(x,0,1)

d x dx

⎤
⎥⎥⎥⎦ =

=

⎡
⎣
(
L1+L2+L3

L2
3

− L2

L2
3

)
E3F3

(
−L1+L2+L3

L2
3

+ L2

L2
3

)
E3F3(

−L1+L2+L3

L2
3

+ L2

L2
3

)
E3F3

(
L1+L2+L3

L2
3

− L2

L2
3

)
E3F3

⎤
⎦.

t15�B75�� � #J� 4�� /��.":7 5��2�# 5 5� 16�#D
!�7/", $#2��"/" � .#J#�� V8W, /��"/1 �"� 72

[K]
e
=

⎡
⎣ [K11]

e
[0] [0]

[0] [K22]
e [0]

[0] [0] [K33]
e

⎤
⎦,

21

[K11]
e
=

[
k11 k12
k21 k22

]
, [K22]

e
=

[
k33 k34
k43 k44

]
,

[K33]
e
=

[
k55 k56
k65 k66

]
, kij q %#1;�:�E��" 6#.!�%#D

!�� !%��C1��"0 1 1/1���� � � #J� 4��< �3/1.�:�=
i = 1, 6j j = 1, 6�

m #J� 4�� %��1/��"C�� /��.":7 [A] �.4#01 1D
/1���#= #$#." /#!�� � � #J� 4�� /��.":7 6#.!D
�%#!�� [K] �� #!�#�� ;#./3 5 /#�#�.�;�= V@�W J3D
23�4h

[A] =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦
, [K] = [A]

T · [K]
e · [A],

5��2%" #�."/3E/#

[K] =

⎡
⎢⎢⎣
K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K34

K41 K42 K43 K44

⎤
⎥⎥⎦ =

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
L1

E1F1 − 1
L1

E1F1 0 0

− 1
L1

E1F1
1

L1
E1F1 +

(
L1+L2

L2
2

− L1
L2
2

)
E2F2

(
−L1+L2

L2
2

+
L1
L2
2

)
E2F2 0

0

(
−L1+L2

L2
2

+
L1
L2
2

)
E2F2

(
L1+L2

L2
2

− L1
L2
2

)
E2F2 +

(
L1+L2+L3

L2
3

− L1+L2
L2
3

)
E3F3

(
−L1+L2+L3

L2
3

+
L1+L2

L2
3

)
E3F3

0 0

(
−L1+L2+L3

L2
3

+
L1+L2

L2
3

)
E3F3

(
L1+L2+L3

L2
3

− L1+L2
L2
3

)
E3F3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

m #J� 4�1 .���7��7 6#.!�%#!�� 2 7 #$#." /#D
!��, G# $#�B753E 5#���K�� !" " ��  ���<�� $1.1/�D
G1��7 �35 ��, �� #!�#�� VLW, 5�$"K1�4!7 ��%h

{P} = [K] · {q}. )Q-

91.1$"K1/# .���7��7 )Q-, 5�.3$3���K" ��2�#D
!�# !�3$1��� �� 4�#!��, G# ��2$#��2�F�4 5�%.�$ 1D
�"/ 5�B75%�/ )� :4#/3 �"$�2%3 :1 #2"� 5�B75#%
#$#." 5 ;3�2�/1��#/ q1), � .#5J"�K" <#�# �� J #D
%"h

{
Ps
Pf

}
=

[
Kss Ksf

Kfs Kff

]
·
{
qs
qf

}
.

f!%� 4%" qs = q1 = 0, �#

{Pf} = [Kff ] · {qf}, {Ps} = [Ksf ] · {qf}, )8-

21

[
Kff

]
=

⎡
⎢⎢⎢⎢⎢⎣

1
L1

E1F +

(
L1+L2

L2
2

− L1

L2
2

)
E2F2

(
−L1+L2

L2
2

+ L1

L2
2

)
E2F2 0(

−L1+L2

L2
2

+ L1

L2
2

)
E2F2

(
L1+L2

L2
2

− L1

L2
2

)
E2F2 +

(
L1+L2+L3

L2
3

− L2

L2
3

)
E3F3

(
−L1+L2+L3

L2
3

+ L2

L2
3

)
E3F3

0

(
−L1+L2+L3

L2
3

+ L2

L2
3

)
E3F3

(
L1+L2+L3

L2
3

− L2

L2
3

)
E3F3

⎤
⎥⎥⎥⎥⎥⎦,

��������	 
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[Ksf ] =
[ − 1

L1
E1F1 0 0

]
, {qf} =

⎧⎨
⎩

q2
q3
q4

⎫⎬
⎭, {Pf} =

⎧⎨
⎩

0
0
P

⎫⎬
⎭.

S��� 4�"< .#5�B75#% .���7��7 )8- � !"/�# �D
C�#/3 �"� 72� J321

{qf} = [Kff ]
−1 · {Pf}. )H-

O1�%:�7 #$#." � .1�%:�= !%��C1��"0 1 1/1����
#$#." /#!�� �� #!�#�� 5� 16�#!�1< )8-, )H- /��"D
/3�4 �"� 72

{Ps} = [Ksf ] · {qf}, )N-

{
R11

R21

}
=

[
k11 k12
k21 k22

]
·
{
q1
q2

}
,{

R12

R22

}
=

[
k33 k34
k43 k44

]
·
{
q2
q3

}
,{

R13

R23

}
=

[
k55 k56
k65 k66

]
·
{
q3
q4

}
.

)>-

p;1%�"���!�4 .#5.#J 1�#= /1�#2"%" $.#� FD
!�.3E/# �� $."% �2� C"! #�#�# � �#."�/3 .#5.�D
03�%3 �.4#01 1/1���#= /#!�#�#= #$#.", 7%"< J3 #
.1� �5#���# � !"!�1/� '��
+�~ �AA@ ���	��������
5��2�# 5 #�."/��"/" 5� 16�#!�7/" )8-D)>-�

T21��";�%��#." 5/���"0 � $.#�.�/� /�F�4 �"D
� 72h

P q .1�%:�7 ;3�2�/1���j �@@, ��@, �@�, ���,
�@Q, ��Q q .1�%:�= !%��C1��"0 1 1/1����j ^@, ^�,
^Q, ^8 q  ���<�� $1.1/�G1��7 �35 ��j [, � q #!� %#.D
2"���j ]@, Y@, �@j ]�, Y�, ��j ]Q, YQ, �Q q 2#�6"D
��, $ #G� $1.1.�53 �� /#23 4 ���� ��2$#��2�#�#
!%��C1�#�# 1 1/1����

9#! �2#���!�4 �"%#����7 $.#�.�/"h
@- ���2 �0�2�"0 2��"0

$1.K"< !%��C1�"< 1 1/1��
�@h*@�>N8×@A10 N

m2 , Y@h*H �
2 , ]@h*H �j

2.3�"< !%��C1�"< 1 1/1��
��h*@�>N8×@A10 N

m2 , Y�h*Q �
2 , ]�h*H �j

�.1��< !%��C1�"< 1 1/1��
�Qh*@�>N8×@A10 N

m2 , YQh*� �
2 , ]Qh*H �j

M1 "C"�� 5#���K�4#�# !" #�#�# �������61��7
�h*D �×@A6 e�

�- .#5.�03�#%
$1.K"< !%��C1��"< 1 1/1�� q

�@)[-*α@@�α@�[ q $1.1/�G1��7 �52#�6 #!� #$#D
." $1.K#�# !%��C1��#�# 1 1/1���, ^@, ^� q !�3$1��
�� 4�#!�� $1.K#= #$#."j 5��2�# 5 #$"!��#F �"G1
/1�#2"%#F #�."/3E/#

(
α11

α12

)
:=

(
1 0
1 L1

)−1

·
(

q1
q2

)
,(

α11

α12

)
→
(

q1
−1
5m · q1 + 1

5m · q2
)
,

#�61,

u1 (x, q1, q2) :=
(
1 x

) ·( 1 0
1 L1

)−1

·
(

q1
q2

)

series,q1, q2 →
(
1− 1

5m
· x
)
· q1 + 1

5m
· q2,

/��.":7 6#.!�%#!��

Ke1 := E1 · F1 ·

⎛
⎜⎜⎝

L1∫
0

d
d xu1 (x, 1, 0) · d

d xu1 (x, 1, 0) dx
L1∫
0

d
d xu1 (x, 1, 0) · d

d xu1 (x, 0, 1) dx

L1∫
0

d
d xu1 (x, 0, 1) · d

d xu1 (x, 1, 0) dx
L1∫
0

d
d xu1 (x, 0, 1) · d

d xu1 (x, 0, 1) dx

⎞
⎟⎟⎠ ,

Ke1 =

(
1.764× 1010 −1.764× 1010

−1.764× 1010 1.764× 1010

)
N

m2
;

2.3�"< !%��C1��"< 1 1/1�� q
��)[-*α�@�α��[ q $1.1/�G1��7 �52#�6 #!� #$#D
." $1.K#�# !%��C1��#�# 1 1/1���, ^�, ^Q q !�3$1��
�� 4�#!�� 2.3�#= #$#."j ��� #��C�#, 7% 3 �"$�2%3
$1.K#�# 1 1/1��� /��"/1/#

(
α21
α22

)
:=

(
1 L1
1 L1 + L2

)−1

·
(

q2
q3

)
,(

α21
α22

)
→
(

2 · q2−q3
−1
5m · q2 + 1

5m · q3
)
,

#�61,

u2 (x, q2, q3) :=
(

1 x
) ·( 1 L1

1 L1 + L2

)−1

·
(

q2
q3

)

series,q2, q3 →
(
2− 1

5m
· x

)
· q2 +

(
−1 +

1

5m
· x

)
· q2,

/��.":7 6#.!�%#!��

��������	 
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Ke2 := E2 · F2 ·

⎛
⎜⎜⎝

L1+L2∫
L1

d
d xu2 (x, 1, 0) · d

d xu2 (x, 1, 0) dx
L1+L2∫
L1

d
d xu2 (x, 1, 0) · d

d xu2 (x, 0, 1) dx

L1+L2∫
L1

d
d xu2 (x, 0, 1) · d

d xu2 (x, 1, 0) dx
L1+L2∫
L1

d
d xu2 (x, 0, 1) · d

d xu2 (x, 0, 1) dx

⎞
⎟⎟⎠ ,

Ke2 =

(
1.058× 1010 −1.058× 1010

−1.058× 1010 1.058× 1010

)
N

m2
;

�.1��< !%��C1��"< 1 1/1�� q
�Q)[-*αQ@�αQ�[ q $1.1/�G1��7 �52#�6 #!� #$#D
." $1.K#�# !%��C1��#�# 1 1/1���, ^Q, ^8 q !�3$1��
�� 4�#!�� �.1�4#= #$#."j 5��2!" ! �23E

(
α31
α32

)
:=

(
1 L1 + L2
1 L1 + L2 + L3

)−1

·
(

q2
q3

)
,(

α31
α32

)
→
(

3 · q3−2 · q4
−1
5m · q3 + 1

5m · q4
)
,

u3 (x, q3, q4) :=
(

1 x
) ·( 1 L1 + L2

1 L1 + L2 + L3

)−1

·
(

q3
q4

)

series,q3, q4 →
(
3− 1

5m
· x

)
· q3 +

(
−2 +

1

5m
· x

)
· q4,

/��.":7 6#.!�%#!��

Ke3 := E3 · F3 ·

⎛
⎜⎜⎝

L1+L2+L3∫
L1

d
d xu3 (x, 1, 0) · d

d xu3 (x, 1, 0) dx
L1+L2+L3∫

L1

d
d xu3 (x, 1, 0) · d

d xu3 (x, 0, 1) dx

L1+L2+L3∫
L1

d
d xu3 (x, 0, 1) · d

d xu3 (x, 1, 0) dx
L1+L2+L3∫

L1

d
d xu3 (x, 0, 1) · d

d xu3 (x, 0, 1) dx

⎞
⎟⎟⎠ ,

Ke3 =

(
7.056× 109 −7.056× 109

−7.056× 109 7.056× 109

)
N

m2
.

m #J� 4�� 0�.�%�1."!�"%" �� !$����2�#K1��7
2 7 �.4#01 1/1���#= /#!�#�#= #$#." E ��%"/"h
� #J� 4�� �15�B75�� /��.":7 6#.!�%#!�� q

Ke :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Ke11,1 Ke11,2 0 0 0 0

Ke12,1 Ke12,2 0 0 0 0

0 0 Ke21,1 Ke21,2 0 0

0 0 Ke22,1 Ke22,2 0 0

0 0 0 0 Ke31,1 Ke31,2
Ke32,1 Ke32,2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

� #J� 4�� %��1/��"C�� /��.":7 q

A :=

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠
,

� #J� 4�� 5�B75�� /��.":7 6#.!�%#!�� Kh := AT×
×Ke · A, 5��2%" /�E/# ��%� C"! #�� 5��C1��7 q

Kh =

⎛
⎜⎜⎝

1.764× 1010 −1.764× 1010 0 0
−1.764× 1010 2.822× 1010 −1.058× 1010 0

0 −1.058× 1010 1.764× 1010 −7.056× 109

0 0 −7.056× 109 7.056× 109

⎞
⎟⎟⎠ N

m2
,

Kff :=

⎛
⎝ Kh2,2 Kh2,3 Kh2,4

Kh3,2 Kh3,3 Kh3,4
Kh4,2 Kh4,3 Kh4,4

⎞
⎠ ,

Ksf :=
(
Kh1,2 0 0

)
,

Pf :=

⎛
⎝ 0

0
P

⎞
⎠ ,

⎛
⎝ q2

q3
q4

⎞
⎠ := Kff−1 · Pf,

^@h*A•� q 5��2�# 5� 3/#�#F 5�%.�$ 1��7�

O153 4���" C"! #�#�# .#5.�03�%3h

@-  ���<�� $1.1/�G1��7 �35 ��⎛
⎜⎜⎝

q1
q2
q3
q4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0
−1.134× 10−4

−3.023× 10−4

−5.858× 10−4

⎞
⎟⎟⎠ m

,
�- �.�;�%"  ���<�#�# $1.1/�G1�7 u (x), �#.D

/� 4�#�# ��$.361��7 σ (x) �� #!4#�#= !" "
σ (x)F (x)

u(x) :=

⎧⎨
⎩

u1(x, q1, q2), 0 � x < L1
u2(x, q2, q3), L1 � x < L1 + L2

u3(x, q3, q4), L1 + L2 � x < L1 + L2 + L3

��������	 
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σ(x) :=

⎧⎪⎪⎨
⎪⎪⎩

E1 ( d
dx

u1(x, q1, q2)), 0 � x < L1

E2 ( d
dx

u2(x, q2, q3)), L1 � x < L1 + L2

E3 ( d
dx

u3(x, q3, q4)), L1 + L2 � x < L1 + L2 + L3

σ(x)F (x) :=

⎧⎪⎪⎨
⎪⎪⎩

E1 F1( d
dx

u1(x, q1, q2), 0 � x < L1

E2 F2( d
dx

u2(x, q2, q3), L1 � x < L1 + L2

E3 F3( d
dx

u3(x, q3, q4) L1 + L2 � x < L1 + L2 + L3


��� �� �LXv�SP d�Z�TZMNM [VLV`��VZZj u (x)� ZML`XdRZMNM ZX[L]WVZZj σ (x) _X M^RMYMc ^PdP σ (x)F (x)

Q- .1�%:�= !%��C1��"0 1 1/1���� #$#."

(
R11
R21

)
:= Ke1 ·

(
q1
q2

)
,(

R12
R22

)
:= Ke2 ·

(
q2
q3

)
,(

R13
R23

)
:= Ke3 ·

(
q3
q4

)

� =0 C"! #�� 5��C1��7

(
R11
R21

)
=

(
2× 106

−2× 106

)
N,(

R12
R22

)
=

(
2× 106

−2× 106

)
N,(

R13
R23

)
=

(
2× 106

−2× 106

)
N,

8- .1�%:�7 #$#." Ps := Ksf ·
⎛
⎝ q2

q3
q4

⎞
⎠,

��→�AAAAAA�AAAAAAAAAAAAA e*�×@A6 e�
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