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U
��� N0 = N ∪ {0}� a; b = [a; b] ∩ N0� (λn :
n ∈ N) i ��������
��	� ����	
�� ���
� 	����� K�
0 < λ1 � λ2 � . . . � λn −→ +∞ ��� n → +∞�
n(t) :=

∑
λn�t 1� N(r) :=

∑
λn�r log

r
λn

=
∫ r
0
n(t)
t dt�

r > 0� �

f(z) =
∞∏
n=1

(
1− zm

λmn

)
, m ∈ N. (1)
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�� ��
�#�" log f(z) =
log |f(z)|+ i arg f(z)� f(0) = 1� ��!
��
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log f(z) =

z∫
0

f ′(ζ)
f(ζ)

dζ
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2πsi
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�&'(&)� 3� I�=�� Δ ∈ (0,+∞)
 ρ ∈ (0,+∞)

m > ρ � 1����<������
 <�<����= ����� (λn) ��<�5
���
�'> �!���

lim
t→+∞

n(t)

tρ
= Δ.
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lim
r→+∞

log |f(reiϕ)|
rρ

=
πΔ

sin πρ
m

cos ρ
(
ϕ− π

m

)

<�' ��J��6� δ > 0 &����!�&�� �� ϕ ∈ [δ, 2πm − δ]�
�&�! �
�6�
 '��� 1����<������
 (λn) ��<����
�'>
<�<������ �!���

λn+1 − λn > dλ1−ρn , n > n0, d > 0,

��

lim
n→+∞

log
∣∣∣ 1
f ′(λn)

∣∣∣
λρn

= −πΔctg
πρ

m
.

S� �
��� ����	����� ���� 
� 
��� ��
�#�� O%R
���
� ��
���	� 	��
��� �����	�	��
� �#�
��
O���� ��$�	� P@W%�QR�

V $���	��� !��	�����

'� �� ��!
��� ���� !��
��� �����
��
��� �
���!� ��
���E 

�$���
��	� �
�	����

� �
����� 	
��
�� A ��' 	�
��� �����
�	�	�� #���� ��
�#�� O%R� D
	�" �	�		� E ��	�
���
�


' 	����� �
������

�&'(&)� �� I�=�� Δ ∈ [0,+∞)
 ρ ∈ (0,+∞)

ρ1 ∈ (0, ρ)
 m > ρ � 1����<������
 <�<����= �����
(λn) ��<����
�'> �!���

n(t) = Δtρ + o(tρ1 ), t→ +∞. (2)
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2πs
m , 2π(s+1)

m

)

 s ∈ 0;m− 1
 1&� r → +∞ ����5

��>�
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log f(reiϕ) =
πΔrρ

sin πρ
m

eiρ(ϕ−π/m) +
o(rρ1 )

| sin mϕ
2 | . (3)

����6���*� U
��� z = reiϕ� �
 ϕ ∈(
2πs
m , 2π(s+1)

m

)
� s ∈ 0;m− 1� L�������� !� ����� O�R�

log f(reiϕ) =

+∞∫
0

ln

(
1− zm

tm

)
dn(t) =

= −mzm
+∞∫
0

n(t)

t(tm − zm)
dt,

	�
S(reiϕ) :=

= log f(reiϕ) +mrmeimϕ
+∞∫
0

Δtρ−1dt

tm − rmeimϕ
=

= −mzm
+∞∫
0

n(t)−Δtρ

t(tm − zm)
dt. (4)

�������"�� O�R� ��' N > N(ε) �	����E��

|S(reiϕ)| � mrm
+∞∫
0

|n(t)−Δtρ|
t|tm − rmeimϕ| dt <

< mrm
N∫
0

|n(t)−Δtρ|
t|tm − rmeimϕ| dt+ J1 =

= J1 + o(rρ1 ), r → +∞, (5)
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J1 := εmrm
+∞∫
0

tρ1−1

|tm − rmeimϕ| dt.

U
��� t = ur� )�!�'� u2m − 2um cosmϕ + 1 �
(u2m + 1)min{1 − cosmϕ, 1}� ϕ ∈

(
2πs
m , 2π(s+1)

m

)
�

s ∈ 0;m− 1� 	�

J1 = εmrρ1
+∞∫
0

uρ1−1

|um − eimϕ| du �

= εmrρ1
+∞∫
0

uρ1−1√
u2m − 2um cosmϕ+ 1

du �

� εmrρ1
+∞∫
0

uρ1−1√
(u2m + 1)min{1− cosmϕ, 1} du <

<
ε�(m, ρ1)rρ1

| sin(mϕ/2)| , (6)

�
 �(m, ρ1) i �	���� '�� !��
��	� ��� m � ρ1� &�
	��� �� !���
� ! 	
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mrmeimϕ
+∞∫
0

Δtρ−1

tm − rmeimϕ
dt =

= mΔrρeimϕ
+∞∫
0

uρ−1

um − eimϕ
du =

= Δrρeimϕ
+∞∫
0

x
ρ
m−1

x− eimϕ
dx =

= − πΔrρ

sin(πρ/m)
eiρ(ϕ−π/m).
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 ρ ∈ (0,+∞)


ρ1 ∈ (0, ρ)
 m > ρ
 1����<������
 <�<����= �����
(λn) ��<����
�'> �!��� BED �

∃n0 ∀n � n0 :
λn−1

λn
�
(
n− 1

n

)1/ρ

. (7)

"�<� 1&� n→ +∞

log |λnf ′(λn)| � πΔλρn ctg
πρ

m
+ o(λρ1n ).
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*&)� �� I�=�� Δ ∈ [0,+∞)
 ρ ∈ (0,+∞) �
ρ1 ∈ (0, ρ)� "�<� �!���

n = Δλρn + o(λρ1n ), n→ +∞, (8)
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��� λn � t < λn+1 �
����
�E	��' OGR� ?��� n(t) = n = Δλρn + o(λρ1n ) �
Δtρ + o(tρ1 )� t → +∞� S �
���� $���� n(t) =
n + 1 − 1 = Δλρn+1 + o(λρ1n+1) − 1 � Δtρ + o(tρ1)�
t → +∞� ?��� ����
�E	��' ����� O�R� U�������
'�K� ����
�E	��' O�R� 	� n � n(λn) = Δλρn+o(λ

ρ1
n )�

n→ +∞� S �
���� $����

n � n(λn − λρ1−ρn ) =

= Δ(λn − λρ1−ρn )ρ + o((λn − λρ1−ρn )ρ1 ) =

= Δλρn(1 − λρ1−ρ−1
n )ρ + o(λρ1n (1− λρ1−ρ−1

n )ρ1) =

= Δλρn(1− ρλρ1−ρ−1
n +O(λ2(ρ1−ρ−1)

n ))+

+o(λρ1n (1 − ρ1λ
ρ1−ρ−1
n +O(λ2(ρ1−ρ−1)

n ))) =

= Δλρn −Δρλρ1−1
n +O(λ2ρ1−ρ−2

n ) + o(λρ1n ) =

= Δλρn + o(λρ1n ), n→ +∞.
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f ′(λn) = −m

λn

∞∏
k=1,
k �=n

(
1− λmn

λmk

)
,
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log |λnf ′(λn)| = logm+
∞∑
k=1,
k �=n

log

∣∣∣∣1− λmn
λmk

∣∣∣∣ =

= logm+

n−1∑
k=1

log

(
λmn
λmk

− 1

)
+

∞∑
k=n+1

log

(
1− λmn

λmk

)
=

= logm+m

n−1∑
k=1

log
λn
λk

+

n−1∑
k=1

log

(
1− λmk

λmn

)
+

+
∞∑

k=n+1

log

(
1− λmn

λmk

)
= logm+m

n−1∑
k=1

log
λn
λk

−

−
n−1∑
k=1

∞∑
j=1

j−1

(
λk
λn

)mj
−

∞∑
k=n+1

∞∑
j=1

j−1

(
λn
λk

)mj
=

= logm+m

n−1∑
k=1

log
λn
λk

−

−
∞∑
j=1

j−1
n−1∑
k=1

(
λk
λn

)mj
−

∞∑
j=1

j−1
∞∑

k=n+1

(
λn
λk

)mj
�

� logm+m

n−1∑
k=1

log
λn
λk

−

−
∞∑
j=1

j−1
n−1∑
k=1

(
k

n

)mj
ρ

−
∞∑
j=1

j−1
∞∑

k=n+1

(n
k

)mj
ρ �

� logm+m
n−1∑
k=1

log
λn
λk

−
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−
∞∑
j=1

j−1

∫ n

0

(
ξ

n

)mj
ρ

dξ−
∞∑
j=1

j−1

∫ ∞

n

(
n

ξ

)mj
ρ

dξ =

= logm+mN(λn)−
∞∑
j=1

j−1

(
n

mj
ρ + 1

− n

1− mj
ρ

)
=

= logm+mN(λn)− 2mnρ

∞∑
j=1

1

ρ2 −m2j2
=

= logm+mN(λn) + n

(
π ctg

πρ

m
− m

ρ

)
=

= O(1) +m

(
Δ

ρ
λρn + o(λρ1n )

)
+

+(Δλρn + o(λρ1n ))

(
π ctg

πρ

m
− m

ρ

)
=

= πΔλρn ctg
πρ

m
+ o(λρ1n ), n→ +∞.
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