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U
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��� ��
�#�� f ���
�


��� η � 	���� S���
��� ��
�
���
�� 	��
 	�
���


'�
��' ��6�
 ��4 (λν) 5 1����<������
 ��<!����=

��< ���' ��!1������= ����� � ><���? �����? ���5
1����' ��∞
 4��� 1����<������? ����� ����@ A��5
���@ f 
 �� ��<����
�'> �!���

(∃A > 0)(∃B > 0)(∀z ∈ C) : |f(z)| � exp(Aη(B|z|)),

���4=�<�� � <������
�
 ��4 �����������' �!���

(∃A > 0)(∃B > 0)(∀r > 0) : N(r) � Aη(Br),

(∃A > 0)(∃B > 0)(∀r1 > 0)(∀r2 > r1)(∀k ∈ N) :∣∣∣∣∣∣
1

k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �
Aη(Br1)

rk1
+
Aη(Br2)

rk2
,

<�

N(r) =

∫ r

0

n(t)

t
dt; n(t) =

∑
|λν |�t

1.

V %T C ��#� #�� �
 �
	���� ��F
� P�Q �	�����
�
���� �
!���	�	� f�>�$
�� � F�?
����� P%Q ��'
����� ��������
�� � ���
��
��� ���!� U(0; 1) =
{z : |z| < 1} ��
�#�� f ���
�


��� η � 	���� A�

#
� �
!���	�	 

 E ���	
�����
��� '�K� ���� ��!�
��'��	� � ����� ! P%Q� ?��� ! 	�
���

�� ������
�

�� � P�Q �������E� K�� '�K� (λν) � ��������
��	�
�����

�� ��� 
��' �����
��
�� ���
� 	����� K�
lim
ν→∞ |λν | = 1, E ��������
��	" 
���� ��������
�� �

���
��
��� ���!� U(0; 1) ��
�#�� f � K� !��������

'E �����

(∃A > 0)(∃B > 0)(∀z ∈ U(0; 1)) :

|f(z)| � exp

(
Aη

(
B

1− |z|
))

, (1)

	�N

(∃A1)(∃B1)(∀r ∈ (0; 1)) : N(r) � A1η

(
B1

1− r

)
(2)

� ��' �
'��� �	���� A2, B2 	� ���� k ∈ N, r1 ∈
(0; 1), r2 ∈ (r1; 1)∣∣∣∣∣∣

1

k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �
� A2

(1− r1)2rk1
η

(
B2

1− r1

)
+

A2

(1− r2)2rk2
η

(
B2

1− r2

)
.

d�K� � ����
�"	��' ����� O�R � ��' �
'��� �	��
��� A2, B2 	� ���� k ∈ N, r1 ∈ (0; 1), r2 ∈ (r1; 1)

∣∣∣∣∣∣
1

k

∑
r1<|λn|�r2

1

λkν

∣∣∣∣∣∣ �
A2

rk1
η

(
B2

1− r1

)
+
A2

rk2
η

(
B2

1− r2

)
,

(3)
	� f !�������
'E �����

(∃A > 0)(∃B > 0)(∀z ∈ U(0;R)) :

|f(z)| � exp

(
A

(1− |z|)3 η
(

B

1− |z|
))

. (4)

D
	�" �	�		� E �����K�	� �
!���	�	 ��F
�� �

�$��!�	� �� ���	
�����
����

U
��� f W ��
�#�'� ��������
� � ���!� U(0; 1)�
'�� ��E 

���
�


� �
���
� 
����� f(0) = 1� (λν)
� ��������
��	� �����

�� ��� 
��' �����
��
��
���
� 	����� K� lim

ν→∞ |λν | = 1,

ck(r; f) =
1

2π

2π∫
0

log
∣∣f(reiϕ)∣∣ e−ikϕdϕ

W ��
��#�E
	� u��IE ��
�#�� f � d�K� (λν) E ������
���
��	" 
���� ��
�#�� f � 	� P%Q

ck(r; f) =
1

2
αkr

k +
1

2k

∑
|λν |�r

((
r

λν

)k
−
(
λν
r

)k)
,

c−k(r; f) = ck(r; f), c0(r; f) = N(r),

N(r) =
∑

|λν |�r
ln

r

|λν | ,

�
 αk !
�����	��' ! ��!��



'

log f(z) =

∞∑
k=0

αkz
k.

q
�
! Ai � Bi(i ∈ N) ��!
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� �	���� &��
�
�
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���
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�&'(&)� �� %��� (λν) > 1����<������? ��5
��� 6���!�&A��@ � �<������!� �&��� A�����@ � ���5
�� BCD
 �� ������>�
�' BED � <�' <�'��= �����=
A2, B2 	� ���� k ∈ N, r1 ∈ (0; 1), r2 ∈ (r1; 1)∣∣∣∣∣∣

1

k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �
A2

rk1
η

(
B2

1− r1

)
+

+
A2

rk2
max

{
1;

1

k(1− r2)

}
η

(
B2

1− r2

)
. (3′)

�&'(&)� 	� %��� ������?�
�' �!��� BED
� (3′)
 �� ����> 6���!�&A�� � �<������!� �&���
U(0; 1) A�����'
 '�� ��<����
�'> �!���

(∃A′ > 0)(∃B′ > 0)(∀z ∈ U(0; 1)) :

|f(z)| � exp

(
A′

(1− |z|)2 η
(

B′

1− |z|
))

. (1′)

&��
�


' #�� 	
��
� M��
	�E	��' 
� ��
���
	���� �
�N

*&)� �� %��� ������>�
�' BCD
 ��

(∀r ∈ [0; 1))(∀k ∈ Z) : |ck(r; f)| � Aη

(
B

1− r

)
.

�'+&,&--.� c������� !���
� ! ���
��	" \E
�

�
��E��

N(r) =
1

2π

2π∫
0

log
∣∣f(reiϕ)∣∣ dϕ,

!����� �	����E�� O�R� &� 	��� ��

log
∣∣f(reiϕ)∣∣ = log+

∣∣f(reiϕ)∣∣− log+
1

|f(reiϕ)| ,

∣∣log ∣∣f(reiϕ)∣∣∣∣ = log+
∣∣f(reiϕ)∣∣+ log+

1

|f(reiϕ)| .

?���

2π∫
0

log+
1

|f(reiϕ)|dϕ � A η

(
B

1− r

)
,

|ck(r; f)| �

� 1

2π

2π∫
0

log+
∣∣f(reiϕ)∣∣ dϕ+ 1

2π

2π∫
0

log+
1

|f(reiϕ)|dϕ �

� 2Aη

(
B

1− r

)
.

f
�� ���
�

��

�'+&,&--. /&'(&)0 �� d�K� ����
�"	��'
����� 	
��
�� %� 	�

1

2k

∑
r1<|λν |�r2

1

λkν
=

1

rk2

⎛
⎝ 1

2k

∑
|λν |�r2

rk2
λkν

+
1

2
αkr

k
2

⎞
⎠−

⎛
⎝ 1

2k

∑
|λν |�r1

1

λkν
+

1

2
αk

⎞
⎠ =

=
1

rk2

⎛
⎝ 1

2k

∑
|λν |�r2

(
rk2
λkν

−
(
λν
r2

)k)
+

1

2
αkr

k
2

⎞
⎠−

⎛
⎝ 1

2k

∑
|λν |�r1

1

λkν
+

1

2
αk

⎞
⎠+

1

2kr2k2

∑
|λν |�r2

λν
k
=

=
1

rk2

⎛
⎝ 1

2k

∑
|λν |�r2

(
rk2
λkν

−
(
λν
r2

)k)
+

1

2
αkr

k
2

⎞
⎠−

⎛
⎝ 1

rk1

⎛
⎝ 1

2k

∑
|λν |�r1

(
rk2
λkν

−
(
λν
r1

)k)
+

1

2
αkr

k
1

⎞
⎠
⎞
⎠+

+
1

2kr2k2

∑
|λν |�r2

λν
k − 1

2kr2k1

∑
|λν |�r1

λν
k
=

=
1

rk2
ck(r2; f)− 1

rk1
ck(r1; f) +

1

2kr2k2

∑
|λν |�r2

λν
k − 1

2kr2k1

∑
|λν |�r1

λν
k
=

=
1

rk2
ck(r2; f)− 1

rk1
ck(r1; f) +

1

2kr2k2

∑
r1<|λν |�r2

λν
k
+

1

2k

(
1

r2k2
− 1

r2k1

) ∑
|λν |�r1

λν
k
=

1

rk2
ck(r2; f)− 1

rk1
ck(r1; f) +

1

2kr2k2

∑
r1<|λν |�r2

λν
k − 1

2krk1

(
1− r2k1

r2k2

) ∑
|λν |�r1

λν
k

rk1
.

?���∣∣∣∣∣∣
1

2k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �
1

rk2
|ck(r2; f)|+ 1

rk1
|ck(r1; f)|+ 1

2krk2

∑
r1<|λν |�r2

1 +
1

2krk1

(
1− r2k1

r2k2

) ∑
|λν |�r1

1 �

��������	 
��
���� �	����� ���������� �� 	����������� ��� ����



��� �
���� ���������� ��,��� � O������ �:

� 1

rk2
|ck(r2; f)|+ 1

rk1
|ck(r1; f)|+ 1

2krk2
(n(r2)− n(r1)) +

1

2krk1

(
1− r2k1

r2k2

)
n(r1).

A�


β :=
r1
r2

� r1, 1− r2k1
r2k2

= (1− β)(1 + β + β2 + ...+ β2k−1) � (1− β)2k � (1− r1)2k,

N

(
1 + r

2

)
�

1+r
2∫
r

n(t)

t
dt � n(r) ln

1+r
2

r
= n(r) ln

1 + r

2r
= n(r) ln

(
1 +

1− r

2r

)
� 1− r

2
n(r).

?���� !� �
��" % �	����E��∣∣∣∣∣∣
1

2k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �
A 2

rk1
η

(
B2

1− r1

)
+
A2

rk2
max

{
1;

1

k(1− r2)

}
η

(
B2

1− r2

)
.

?
��
�� % ���
�

��

*&)� 	� %��� ������?�
�' BED � BFD
 ��
<�' <�'��= �����= A′

2, B
′
2 	� r1 ∈ (0; 1), r2 ∈

(r1; 1), k ∈ N, k > 1
(1−r2)2∣∣∣∣∣∣

1

2k

∑
r1<|λν |�r2

1

λkν

∣∣∣∣∣∣ �

� A′
2

krk1 (1− r1)
η

(
B′

2

1− r1

)
+

A′
2

krk2 (1 − r2)
η

(
B′

2

1− r2

)
.

�'+&,&--.� ��
�
�� �
'�� ��!
��


'

S(r; k) =
1

k

∑
|λn|�r

1

λkn
; S′(r; k) =

1

k

∑
|λn|�r

(
λn
r

)k
;

S(r1; r2; k) = S(r2; k)− S(r1; k).

U
��� r′1 = r1k
1
k , r′2 = r2k

1
k , k ∈ N� ?���� '�K�

k > 1
(1−r2)2 > 1

(1−r1)2 � 	� r′1 < 3+r1
4 ; r′2 < 3+r2

4 �

`
 	��� $� ��' k > 1
(1−r)2 ����
�E	��' 3+r

4r >

1
4 + 3

√
k

4(
√
k−1)

> k
1
k � ?���

|S(r1; r′1; k)| �
1

k

r′1∫
r1

dn(t)

tk
=

=
1

k

⎛
⎜⎝n(r′1)

r
′k
1

− n(r1)

rk1
+ k

r′1∫
r1

n(t)

tk+1
dt

⎞
⎟⎠ �

� 1

k

⎛
⎜⎝n(r′1)

r1

′k

− n(r1)

rk1
+ kn(r′1)

r′1∫
r1

dt

tk+1

⎞
⎟⎠ =

=
1

k

(
n(r′1)
r
′k
1

− n(r1)

rk1
− n(r′1)

(
1

r
′k
1

− 1

rk1

))
=

=
n(r′1)− n(r1)

krk1
� 2

krk1 (1 − r′1)
N

(
1 + r′1

2

)
�

� 8A1

krk1 (1 − r1)
η

(
8B1

1− r1

)
.

A
������
��

|S(r2; r′2; k)| �
1

k

r′2∫
r2

dn(t)

tk
=

=
1

k

⎛
⎜⎝n(r′2)

r
′k
2

− n(r2)

rk2
+ k

r′2∫
r2

n(t)

tk+1
dt

⎞
⎟⎠ �

� 8A1

krk2 (1 − r2)
η

(
8B1

1− r2

)
.

�����'�� !����� 	� ����� (3′)� ��' k > 1
(1−r2)2

�	����E��

|S(r1; r2; k)| = |S(r′1; r′2; k) + S(r1; r
′
1; k)− S(r2; r

′
2; k)| � |S(r′1; r′2; k)|+ |S(r1; r′1; k)|+ |S(r2; r′2; k)| �

� A2

r′k1
η

(
B2

1− r′1

)
+
A2

r′k2
η

(
B2

1− r′2

)
+

8A1

krk1 (1− r1)
η

(
8B1

1− r1

)
+

8A1

krk2 (1− r2)
η

(
8B1

1− r2

)
�

� A2

krk1
η

(
4B2

1− r1

)
+
A2

krk2
η

(
4B2

1− r2

)
+

8A1

krk1 (1− r1)
η

(
8B1

1− r1

)
+

8A1

krk2 (1− r2)
η

(
8B1

1− r2

)
�

� A′
2

krk1 (1 − r1)
η

(
B′

2

1− r1

)
+

A′
2

krk2 (1 − r2)
η

(
B′

2

1− r2

)
.

f
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*&)� �� %��� 1����<������
 (λν) ��<����
�'>
�!��� (3)
 �� <�' ��@ ����> 1����<������
 (ck(r))

�� <�' <�'��= �����= A3, B3 � k ∈ Z\0,

|ck(r)| � A3

k(1− r)
η

(
B3

1− r

)
, |k| > 1

(1 − r)2
,

|ck(r)| � A3

k(1− r)2
η

(
B3

1− r

)
, |k| � 1

(1 − r)2
.

(5)

�'+&,&--.� U
 !�

��"�� !�����
��	�� ����
���	���� K� ��
�E r0 ∈ (0; 1) 	��
� K� ��
�#�' η E

�	���" 
� �������� (0; r0)� &���� ��������

∀k ∈ N : lim
r→1−

η
(

1
1−r

)
rk

= +∞,

	� ��' ���
��� k ∈ N ��
�E rk ∈ (0; 1)� K� ��'
�
'��� �	���� B > 0 � ��' ���
��� r ∈ (r0; 1) �����

�E	��'

η
(

B
1−rk

)
rkk

�
2η

(
B

1−r
)

rk
. (6)

��$
�
�� αk = −S(rk; k) = − 1
k

∑
|λν |�rk

1
λk
ν
� ?���

ck(r) =
rk

2
(S(r; k) + αk) +

1

2
S′(r; k) =

rk

2k

∑
rk<|λν |�r

1

λkν
+

1

2k

∑
|λν |�r

(
λν
r

)k
, k ∈ N,

c0(r) = N(r), (7)

c−k(r) = ck(r).

L#�
��� |ck(r)|� L�������

|S′(r; k)| � 1

k
n(r) � 2

k(1− r)
N

(
r + 1

2

)
,

	� !����� 	� ���� O�R� (3)� O(R !� �
��" � ��'
|k| > 1

(1−r)2 �	����E��

|ck(r)| � rk

2
|S(r; k) − S(rk; k)|+ 1

2
|S′(r; k)| �

� rkA′
2

2krkk(1− rk)
η

(
B′

2

1− rk

)
+

A′
2

2k(1− r)
η

(
B′

2

1− r

)
+

+
A1

k(1− r)
η

(
2B1

1− r

)
� 2A′

2

k(1− r)
η

(
B′

2

1− r

)
+

A1

k(1 − r)
η

(
2B1

1− r

)
� A3

k(1− r)
η

(
B3

1− r

)
,

!����� �������E �
��� 

��
��	� � O=R� d�K� �
0 < |k| � 1

(1−r)2 � 	� ! O�R� (3)� O(R ��E��

|ck(r)| � rkA2

2rkk
η

(
B2

1− rk

)
+
A2

2
η

(
B2

1− r

)
+

+
A1

k(1− r)
η

(
2B1

1− r

)
� 3

2
A2η

(
B2

1− r

)
+

+
A1

k(1− r)
η

(
2B1

1− r

)
� A2

k(1− r)2
η

(
B2

1− r

)
+

+
A1

k(1− r)
η

(
2B1

1− r

)
� A3

k(1− r)2
η

(
B3
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