Drohobych Ivan Franko State Pedagogical University

Olha KUTNYAK

SCIENTIFIC FOUNDATIONS
OF THE SCHOOL COURSE OF MATHEMATICS.
Part |

TEXTS OF LECTURES

DROHOBYCH
2026



JIporo0oMubKuil 1ep:KaBHUI NMeAaroriyHnid yHisepcuret iMeHi IBana ®panka

Onvea KYTHAK

HAYKOBI OCHOBHA
HIKIVIBHOI'O KYPCY MATEMATHUKM.

Yacruna |

TEKCTH JIEKIIIA

JPOTOBNY
2026

2



YK 373.5.016:51(075.8)
H34

Recommended for the publication by the Scientific Council of
Drohobych Ivan Franko State Pedagogical University
(Protocol Mo 12 dated 30. 09. 2026)

Reviewers:

Voytovych Khrystyna Olehivna, Doctor of Philosophy, Associate Professor
of the Department of Mathematics and Economics of Drohobych Ivan Franko State
Pedagogical University;

Hainus Maria Vasylivna, Higher Category Teacher, Senior Teacher, Teacher
of Mathematics of Ivan Franko Lyceum Ne 1 of the Drohobych City Council, Lviv

Region.

Responsible for the issue: Viichuk T. I.

O. A. KUTNYAK

Scientific Foundations of the School Course of Mathematics.
Part I: lecture texts [for applicants of the second (Master's) level of
higher education in the specialty A4.04 Secondary education
(Mathematics)] / edited by O. A. Kutnyak. Drohobych: Drohobych
Ivan Franko State Pedagogical University, 2026. 64 p.

The texts of lectures are edited in accordance with the programme of the course
"Scientific Foundations of the School Course of Mathematics" for the preparation of
applicants for the second (Master's) level of higher education in the field of knowledge
A Education, subject specialty A4.04 “Secondary Education (Mathematics)”,
approved by the Scientific and Methodological Council of Drohobych Ivan Franko
State Pedagogical University (protocol Ne 8 dated 27. 08. 2026). They cover the
methodological foundations of Mathematics; the relationship between set theory and
school Mathematics; mapping and functions in the school course of Mathematics;
polynomials, equations and inequalities.

The manual is recommended for training the specialists of the second (Master's)
level of higher education in the subject specialty A4.04 “Secondary education
(Mathematics) ” of full-time and part-time forms of study.



VJIK 373.5.016:51(075.8)
H34

Pexomenoosarno 0o opyky euenoro padoio /[pocobuybkoco 0epicashozo
nedazociuHoeo yHieepcumemy imeni leana @Ppanka
(npomoxkon Ne 12 6io 30 eepecnsa 2026 p.)

Penenszenru.

BoiitoBuu Xpucruna OuJeriBHa, aokrop ¢utocodii, aoueHt kadeapu
MaTEeMaTHKd Ta E€KOHOMIKM  J[poroOWIBKOrO  JEpKaBHOTO  MEAAroriyHOro
yHiBepcuTeTy iMeHi IBana ®dpaHka;

Xajinyc Mapia BacuiiBHa, BUuTENb BHINOI KAaTEropii, CTapIIMid BYUTENb,
BuUnTENb MaTeMaTuku jdinero Ne 1 imeni IBana ®panka [Iporoouiibkoi MichbKoi paau
JIbBIBCBHKOI 00J1aCTI.

BignosinaneHuii 3a Bunmyck: Biiuyk T. 1.

HaykoBi 0cHOBM HIKiJIbLHOTO Kypcy MareMaTuku. Y. I: TekcTH ek
[1st  3100yBaviB  JAPyroro (MaricTepchbKoro) piBHS BHUIOI OCBITH
cnermianbHocTi A4.04 Cepenus ocpita (Martematuka)] / ykimam. O. A.
Kytusik. Jlporo6uu: JIporoOuibkuii  Jaep:kaBHUN  IeJaroriyHui
yHiBepcuTeT iMeH1 [Bana ®@panka, 2026. 64 c.

TekcTu JeKIid yKJIaaeH! BIAMOBIAHO 10 mporpamu Kypcy «HaykoBi ocHOBU
IIKUIBHOTO ~ KypCy  MaTeMaTUKW» JUisl  MOIATOTOBKA — 3A400yBayiB  JIpyroro
(MaricTepchbkoro) piBHS BHINOT OCBITH rany3l 3HaHb A Oceima TpeaMeTHOI
cnemianbHOCTI A4.04 «Cepeons oceima (Mamemamuka)», 3aTBEpIKEHOI HAYKOBO-
METOIMYHOIO pajioro JIporoOUIbKOro Aep>KaBHOTO MEAaroriyHOTO YHIBEPCUTETY IMEHI1
IBana ®panka (mpotokonm Ne 8 Bim 27 cepmusa 2025 p.). Y HHX BHCBITJIEHO
METOJOJIOTIYHI OCHOBH MATEMATHKH; 3B'SI30K TeOpii MHOXHUH Ta IMIKIJIBHOI
MaTEeMaTHKH; Bi10OpakeHHs 1 PyHKII] y MIKUIBHOMY Kypcl MaTeMaTHKH; MHOTOUJICHH,
PIBHSIHHS Ta HEPIBHOCTI.

[TociOHUK  peKOMEeHJOBaHUM  JUIsI  MIATOTOBKM  (DaxiBI[IB  JAPYroro
(MaricTepchbKoro) piBHs BHILOI OCBITH MpeaMETHOI crewianbHocTi A4.04 «Cepedns
oceima (Mamemamuxa)» NeHHOI Ta 3a04HOT (HOPM HABUAHHS.



CONTENTS

PrETACE. . ..o 8
8 1. Methodological foundations of Mathematics. ....cccceveiieiieieneinnnennn. 11
1.1. The subject of Mathematics and its characteristic features ................... 11
1.2. The main stages of the development of Mathematics ........................ 11

1.3. Mathematical methods of cognition. The concepts of number, figure and set

as examples of mathematical models. ... 13
1.4. Axiomatic method in Mathematics..............coooviiiiiiiiie, 14
§ 2. Set theory and school MathematiCs. ...cvveiieiiiiniiniinrieeneenrensensnnes 19
2.1. "Naive" and axiomatic Set theories .............ccooviiiiiiiiiiiiiiiieenn, 19
2.2. Numerical sets of school Mathematics. ..............cccooviiiiiiiiiiiiinn., 20
2.3, POINE SBES. .o, 23
2.4. Operations on the sets in school Mathematics. ...................ccooeei 24
2.5. The power of the set. Cardinality above the continuum....................... 26
8 3. Mappings in the school course of Mathematics..............cccccovveiieiiennnn, 28
3.1. Mappings and StrUCTUIES. .......o.iritit it 28
3.2. Morphisms Of StTUCLUIES. .......oeeiie i e, 30
3.3. Types of mappings in the school course of Mathematics ................... 30
3.4. Operations on the mappings in the school Mathematics ...................... 32
3.5. Continuous and homeomorphic mappings in school Mathematics .......... 35
8§ 4. Functions in the school course of Mathematics. ........................... 38
4.1. Methods of specifying the function. ....................ocoiiiiiinn 38
4.2. Continuous functions in the school Mathematics ............................. 39

4.3. Axiomatic definitions of linear, exponential, logarithmic, power functions,
trigonometric functions of a numerical argument and their properties. The theorems of

existence and uniqueness of these functions. ..., 40
5



8 5. Polynomials, equations and inequalities. ....cceveveieiieiiecneenrinrencnnnes 45
5.1. Actionsonthe polynomials ... 45
5.2. Algebraic equation and its roots. Bezout's theorem. The fundamental
theorem of Algebra ... 48
5.3. Different approaches to defining the concept of an equation (inequality)...50
5.4. Relation of implication and equivalence on the set of equations
(inequalities). Basic transformations of equations (inequalities) from the point of view
Of thelr eqQUIVAIENCE. ... i 52

5.5. Equations with one and two parameters. Equations in the domain of complex

UM DTS Lottt e et et 56
5.6. Some well-known inequalities ..............coiiiiiii i 59

5.7. Application of the derivative and integral when proving inequalities ....... 61
RETEIEINCES. ...ttt e et e e e e et e e e be e teesnreenree e 63



|5 0o 1. (0) - - OSSPSR PRSP 9

8 1. Memo000n02iuHi 0CHOBU MAMEMAMUK  «.oovvensensiasesssasnssnssasssssssnssnll
1.1. [TpeameT MaTEMATUKH Ta i1 XaAPAKTEPHI PUCH . ... .uveenreeneeneennneannenns. 11
1.2. OCHOBHI €TAITH POBBUTKY .. ... uttenteenneenneeenneennsenneenneenneeanseenneenns 11
1.3. Marematn4uni MeTo M Mi3HaHHs. [IoHATTS yucia, Gpirypu Ta MHOXKHUHU SIK
MPUKITATNA MATEMATHYHUX MOJICTICH . ..o\ ettt et ettt e e ettt e 13

1.4, AKCIOMATUYIHHUN METOM Y MATEMATHIIL. ... uuvveeenreeenneeaneeennneeannneanns 14

§ 2. Teopisa MHOMCUH | WIKITbHA MAMEMAMUKA . ..ooovueeeeressrssosssssasosnsssnssl9

2.1. «HaiBHa» Ta aKCIOMATHUHA TEOPIT MHOMKHH. . ...\t ueeenreenneanneenneannnenns 19
2.2. YnucaoBl MHOKHUHHU TITKITEHOT MATEMATHKH. ... ..vvenveenneaaneeenneenneannennn. 20
PR T HeL 100): Y13 (07971 1 SO PR 23
2.4. Onepariii HaJ MHO)KMHAMH B IIKITBHIA MATEMATHII . .. \vveeneeeeenenennnns 24
2.5. IloTyXHI1CTh MHOXMHU. MHOXHHHU NOTY>KHOCTI BUILIE KOHTUHYYMY....... 26
8 3. Biooopasicenns i hynKuii y WKiibHOMY KypCi MAMEMAMUKU................. 28
3.1. BinoOpaskeHHS 1 MATEMATHIHI CTPYKTYPH . . nvvenreanreenneanneeanneenneannns 28
CIVZAY, (6751001163 Y17 W 3 0% 6 1 o F 30
3.3. Buau BimoOpakeHb y MIKITBHOMY KYPC1 MATEMATUKH. . ... eeeneennennenn. .. 30
3.4. Onepaiiii HaJl B1IOOPAKEHHAMH B MIKUTHbHINA MATEMATHI. . ..ve'eeenaennnn. 32

3.5. HenepepsHi Ta romeoMopdHi BiJoOpakeHHs y MIKUIbHIN MaTeMaruiii. .....35

8 4. DyHKUIT y WKITbHOMY KYPCE MAMEMAMUKI. ...............c.eeeeeeenennn... 38
4.1.CriocoOM 3aaHHT PYHKIIIT. ... uvteenetteette et eeteeeieeeaeeeaaeeennenns 38
4.2. HeniepepBHi (DYHKIIIT B ITKUTBHI MATEMATHIIL. ... v vvveeneeeneeenaeennnannnnns 39



4.3. AKcioMaTH4YHI BU3HAYCHHS JIHINHOI, MOKa3HWKOBOI, JOTApU(MIYHOI,
CTEINEeHEeBO1 (PYHKIIM, TPUTOHOMETPUYHUX (PYHKIIIH YHUCIOBOIO apryMeHTy Ta iXHi

BJIACTUBOCTI. TeopemMu iICHyBaHHS Ta €TMHOCTI ITUX PYHKITIH. .....oovvveiiieenneennn, 40

8 5. Mnozounenu, pieHAHHA MA HEPIBHOCHI. ... .ceueeeeeeneeesenseensenseansanss 4D
5.1. JIi1 HAZl MHOTOWIICHAME . . .. ...vvvte e eenaee e e eeeee e eeeaeee e eeneee e e eeneeens 45

5.2. Anrebpaiune piBHsSHHS Ta Horo kopeni. Teopema besy. OcHoBHa TeopeMa

5.4. BiaHoleHHs CHilyBaHHS Ta pPIBHOCUJIBHOCTI Ha MHOHHI PIBHSHb
(nepiBHOCTE). OCHOBHI TEPETBOPEHHS PIBHSIHb (HEPIBHOCTEH) 3 MOMIAAY IX
S NET 0320 (53 11 2 (0 52

5.5. PiBHgHHSA, 1m0 MICTATH OAWMH Ta JBa IapaMeTrpu. PiBHsSHHS B 00dacTi
O 10 () 00321 b Q1 (611 S 56

5.6. JIEAK1 BITOMI HEPIBHOCTI «.uuveenteenttenteeenteenneenneenneeaneennneanneeaneann 59

5.7.  3actocyBaHHS  TOXIIHOI ~ Ta  1HTerpajgy TpU  JOBEJICHHI

1305 030:0: (0o (<) 7 SR 61

JITEPATYPA. ... enes 63



Preface

The academic discipline "Scientific Foundations of the School Course of
Mathematic" is intended to improve the mathematical and methodological training of
the future teachers of Mathematics. It is aimed for understanding the content of school
Mathematics from the standpoint of modern Higher Mathematics and the Teaching
Methods of its and involves not only the mastering theoretical provisions, but also
developing the ability of future teachers to analyze school mathematical concepts,
establish their scientific foundations, and methodically correctly present them in the
educational process.

The texts of lectures cover the following course topics: methodological
foundations of Mathematics; set theory and school Mathematics; mappings in the
school course of mathematics; functions in the school course of Mathematics;
polynomials, equations and inequalities. The theoretical material is illustrated with
examples.

The manual will be useful for students of mathematical specialties of
pedagogical universities, teachers and senior students of secondary education

institution.



IlepeamoBa

HaBuanbna aucuuiuiina «Haykoei ocHOBU WKIIbHO2O KYPCY MaAmeMamuKiLy
npu3HayeHa JUisl yJIOCKOHAJEHHS MATeMAaTHMYHOI Ta METOJUYHOI MiATOTOBKU
MaiOyTHIX YYUTEINIB MaTeMaTuku. BoHa cripsiMOBaHa Ha OCMUCIICHHS 3MICTY HIKIJTBHOT
MaTeMaTUKH 3 TO3UIlIA Cy4acHOI BWINOI MAaTEeMAaTHKW Ta METOMWKH ii HaBYaHHS 1
nependayae He JUIIE 3aCBOEHHS TEOPETUYHUX MOJI0KEHD, a i JOpMyBaHHSI 34aTHOCTI
MalOyTHIX YIUTENIB aHATI3yBaTH MKUTbHI MAaTEMAaTUYHI TTOHSTTS, BCTAHOBIIIOBATH iX
HAYKOBI1 HIATPYHTS Ta METOAUYHO KOPEKTHO IPECTABIISITH iX Y HABYAJIIbHOMY IPOLIECI.

VY TekcTax JIEKIi pPO3IJIIHYTO HACTYIHI TEMHU KYpCYy: METOAOJIOTIYHI OCHOBHU
MaTE€MAaTUKH; T€OPisl MHOXUH 1 IIKUJIbHA MAaT€MATHKA; BIAOOpPaXEHHS y IKUIBHOMY
Kypcl MaTeMaTHKy; QYHKIIIT B IIKUTbHOMY Kypcl MAaTEeMaTUKW; MHOTOUWICHH, PIBHSIHHS
Ta HepiBHOCTI. TeopeTuuHMil MaTepial UIFOCTPYEThCSA Ha MPUKIIaax.

[TocibHuK Oyne KOPUCHUM JMJid CTYACHTIB MaTEeMaTHYHUX CIeliaIbHOCTEH
neJarorivHuX yHIBEpCUTETIB, YUUTEIIB Ta YUHIB CTAPIIMX KJIACIB 3aKJIa/IiB 3arajJbHoi

cepeaHbO1 OCBITH.
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8§ 1. Methodological foundations of Mathematics

1.1. The subject of Mathematics and its characteristic features

Methodology is a system of principles, methods, rules and ways of organizing
the scientific knowledge or practical activity. It determines the research strategy,
ensuring the receipt of objective information. The purpose of methodology is to
organize thr activity to achieve the true knowledge, create new theories or objects.

Mathematics, like the other sciences, studies the surrounding world, objects of
this world and the relationships between them. However, unlike the natural sciences, it
studies the forms and relationships of the material world, abstracting from their content.
The characteristic features of mathematical science include [6], [10]:

1) Mathematics studies abstracted properties of objects — numbers, not sets of

objects, geometric figures, not real bodies;

2) the main method of obtaining the mathematical results is the logical
conclusion, which does not require the experimental verification;

3) abstractions arising in Mathematics develop from abstractions that directly
generalize the properties of real objects to abstractions of such a high level as
topological spaces, general algebraic systems, algorithms, etc;

4) Mathematics has the property of universal application in the other fields;

5) Mathematics occupies a special position in the system of sciences — it cannot
be attributed to either the humanities or the natural sciences. It provides the
basic concepts that are used in almost all sciences. Among these concepts are

"set", "structure”, "system", "isomorphism", etc.

1.2.  The main stages of the development of Mathematics

The main stages of the development of Mathematics include [5], [6]:

* the origin of Mathematics (deep antiquity - 5th century BC);
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» Mathematics of the constant quantities (6th-5th century BC - late 16th century);

« Mathematics of the variable quantities (late 16th - mid-18th century);

* the modern period (from the mid-18th century to the present day).

At each stage, new branches and tools were formed that contributed to the
development of science in general.

In the period of its origin (deep antiquity - 5th century BC), mathematics
emerged as a result of practical human needs: calculation, measurement, counting.
During this period, the foundations of arithmetic and geometry were developed. The
beginning of the development of mathematics is associated with the first civilizations
(for example, in Babylon and Ancient Egypt).

During the period of Mathematics of the constant quantities (6th-5th centuries
BC — late 16th century), the basic theories concerning constant quantities were formed.
Ancient Greece is considered as the birthplace of Mathematics, where the first
mathematicians, such as Thales of Miletus, Pythagoras and Euclid, appeared. At this
time, the first theoretical treatises were created, such as Euclid's "Principles”, which
became the basis of school Mathematics. Works on geometry, algebra and arithmetic
were created to solve practical problems in surveying, architecture and astronomy.

The period of the variable mathematics (late 16th — mid-18th centuries) is
characterized by the emergence of analytical geometry and differential and integral
calculus. Prominent scientists of this period were René Descartes (founder of analytical
geometry), lIsaac Newton, and Gottfried Leibniz, who independently created
differential and integral calculus. It became possible to study motion, transformations,
and to investigate functions and their properties, which became a powerful tool for the
development of hysics, mechanics, and other sciences.

In the modern period of the development of Mathematics (from the middle of
the 18th century to the present), the rapid development of previously established
branches of Mathematics continues. New sections such as mathematical logic, set
theory, group theory, algebraic topology, functional analysis, probability theory, digital
mathematics, machine learning are emerging. Applied fields are actively developing:

applied mathematics, mathematical modeling, operations research, automatic control

12



theory. Modern mathematics is closely related to computers, which have become an

indispensable tool for complex calculations and research.

1.3. Mathematical methods of cognition. The concepts of number, figure and set

as examples of mathematical models

A key aspect of human cognitive activity is the study of the properties and
interactions of objects of reality with the aim of their further practical application.
Mathematics has formed a system of methods for the theoretical understanding of
spatial and qualitative characteristics of the world. Among them, a special place is
occupied by a mathematical model — an approximate description of any class of
phenomena of the external world, expressed using the mathematical symbols. The
construction of mathematical models is a method of cognition of the external world,
prediction of phenomena and management of various processes. The method of
mathematical modeling is widely used in various sciences: Physics, Chemistry,
Biology, Economics, Sociology [6], [10].

The process of forming mathematical models inevitably involves ignoring
certain aspects of reality, which causes a certain discrepancy between the model and
the object of research. Only a comparison with reality of the results obtained by
studying the model allows us to draw the conclusions about the quality of this model,
the limits of its application. Each model can be used only under certain conditions. The
foundation of mathematical modeling is a specific process of abstraction, the most
common forms of which in Mathematics are idealization and abstraction of
identification (generalization).

Abstraction of identification begins with the establishment of an equivalence
relation in the set under investigation. When establishing an equivalence relation in a
certain set, equivalent objects are identified by some property, which is abstracted from
the rest of the properties of these objects and becomes an independent abstract concept.
Thus, the equivalence relation of sets unites into one class all finite sets between which

a bijective correspondence can be established. As a result of this identification, from
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sets belonging to the same equivalence class, their general property characterizing this
class is abstracted, which is inherent to all sets of this class and is not inherent to any
other sets. This property is an independent concept of a natural number, which
expresses the number of sets of a given class [6], [10].

Also, when constructing mathematical models of reality, such a specific
abstraction technique as idealization is widely used, which consists in forming concepts
that are endowed not only with real, but also with hypothetical properties that are not
inherent in prototype objects. The creation of such idealized constructs is aimed at
simplifying the analysis of complex natural phenomena. The fundamental concepts of
Mathematics, such as "geometric point" (which has no physical dimensions), "line" or
"plane”, are the classic examples of idealizations. Despite the absence of their exact
analogues in the material world, the construction of a holistic geometry is impossible
without these categories. The next stage of scientific knowledge is the application of
the abstraction of identification: by generalizing the specific features of individual
idealized figures, universal concepts are formed (for example, the general categories

"sphere™ or "triangle").

1.4. Axiomatic method in Mathematics

The axiomatic method is a special way of constructing a scientific theory, it is
based on several initial propositions (axioms) that are accepted without the proof. All
the other statements of the theory (theorems) are derived from these axioms in a purely
logical way. In order for an axiomatic system to be considered perfect, it must meet
three criteria:

1) consistency: it is impossible to derive a statement and its negation from the
axioms at the same time. This is the most important requirement - a contradictory
system has no value.

2) independence: none of the axioms can be derived from the others. This makes
the system concise.

14



3) completeness: any true statement within this system can be proven based on
its axioms.

The first example of the axiomatic method is the «Euclid's Elements» (c. 300
BC). Euclid attempted to derive all of the Geometry from a few obvious postulates.
Although his system was incomplete from the point of view of modern logic, it
remained the ideal of science for two millennia.

A qualitative leap occurred at the turn of the 19th and 20th centuries thanks to
the works of David Hilbert. He developed the formal axiomatics, where the objects
(points, lines) are considered not as the physical entities, but as abstractions, the
properties of which are completely determined by the axioms. This allowed
Mathematics to go beyond the boundaries of clarity and work with multidimensional
spaces and abstract structures. Let us give an example of the axiomatic construction of
Geometry, described by D. Hilbert in the book "Fundamentals of Geometry" (1899).
[6], [3].

The first group of axioms: the axioms of belonging.

The basic relation is “fo belong”.

I,. For any two points A, B, there is a line a, that belongs to each of these two points
AB.

|,. For any two points A B, there is at most one line that belongs to each of these
poINts A, B.

I,. There are at least two points on a line. There are at least three points that do not
lie on the same line.

|,. For any three points A, B,C, that do not lie on the same line, there is a plane «, that
belongs to each of these three points A,B,C . For any plane, there is always a point that
belongs to it.

I.. For any three points A B,C, which do not lie on the same line, there is at most one
plane that belongs to these points.

I,. If two points A,B of a line lie in the plane o, then any point of the line « lies in the

plane .

15



I,. If two planes «and g have a common point A, then they have at least one other

common point B.

I,. There are at least four points that do not lie on the same plane.
The axioms 1., are called the planar axioms of the group 1, and 1, , are called

the spatial axioms of the group 1.

The second group of axioms
The main concept is “between”.
I,. If a point B lies between the points A and C, then A, B,C are three distinct points
on the line and B lies also between C and A.
Il,. For any points A and C on the line AC there is at least one point B such that the
point C lies between A and B.

I1,. Among any three points on a line, there is at least one point that lies between the

other two.

The third group of axioms: the axioms of equality and motion

The main concept is “equal”.
l,. If A Bthere are two points on a line a and A'is point on the same line or on
another line a’, then it is always possible to find a point B’ that lies on a given side of
the line a’ from the point A’ and such that the segment AB is equal to the segment
A'B'.
I,. 1f a segment A'B’ and a segment A"B” are equal to the same segment AB, then the
segment A'B’is also equal to the segment A"B”; in other words, if two segments are
equal to a third, then they are equal to each other.
Ill,. Let AB i BC are the two segments of the line a, that do not have any common
point, and let A'B’ i B'C’are two segments of the same line or the other line a’, which
also do not have any common point; if AB=A'B’ and BC =B'C’, then AC=AC’.
l1,. Let the angle «(h,k) in the plane « and a line a’in the plane o' be given, and the

side relatively a’ of the plane o' be defined. Let h’ denote the ray of the line a’, which
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comes out from the point O’. Then in the plane «'there exists one and only one ray k’
such that the angle (h,k) is equal to the angle (h’,k’) and at the same time all the interior
points of the angle (h',k’) lie on the given side of a’. This relation between the angles
is denoted as follows: (h,k)= £(h'",k’) .

.. If for two triangles ABC and A'B'C’ the equalities AB=AB’, AC=AC/,

/BAC = «B'A'C’ are hold, then the equality ~ABC = ~A'B'C’ also is hold.

The fourth group of axioms: the axiom of parallels
IV . (Euclid's axiom). Let a be an arbitrary line and Abe a point that lies outside the
line, then in the plane defined by the point A and the line a, there exists at most one

line that passes through the point A and does not intersect the line a .

The fifth group of axioms: continuity axioms

V,. (measurement axiom or Archimedes' axiom). Let AB and CD be two arbitrary
segments, then there are a finite number of points A, A,, A,,..., A, on the line AB such
that the segments AA, AA,,..., A A, are equal to the segment CD and the point B lies
between A and A, .
V,. (linear completeness axiom). The points of the line form a system that, while
preserving the linear order, the first axiom of equality and the axiom of Archimedes
(i.e. the axiom 1_,,11,111,,V, ), does not admit of any extension.
Dedekind's axiom. If all points on a line are divided into two classes such that:

1) each point belongs to one and only one class and each class contains points;

2) each point of the first class precedes each point of the second,
then either in the first class there is a point preceded by all other points of the first
class, or in the second class there is a point which precede all the other points of the
second class.
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Control questions

1. What does the methodology study?

2. Name the characteristic features of Mathematics as a science?

3. Briefly describe the main stages of the development of Mathematics.

4. What is a mathematical model?

5. Describe such abstraction techniques as abstraction, identification (generalization)
and idealization.

6. What is the essence of the axiomatic method in Mathematics?

7. Give the examples of the axiomatic construction of geometry.

18



§ 2. Set theory and school Mathematics.

2.1. ""Naive' and axiomatic set theories

Naive and axiomatic set theory are two different approaches to the study of sets.
Naive set theory uses an intuitive, "natural™ understanding of sets and their properties,
while axiomatic set theory formalizes the concept of sets using a system of axioms that
eliminates the paradoxes that arise in naive theory.

Cantor's naive definition of a set (or, as it is also called, the intuitive definition)
describes a set as an arbitrary collection of certain objects that can be distinguished
from each other and that are imagined as a single whole. In other words, it is a
collection of objects that are considered as a single whole, without delving into formal
axioms [2], [6].

Intuitive definition — a set is considered as an arbitrary collection of objects
united by a certain attribute. There are no clear rules that determine which operations
on sets are permissible. Due to the lack of formalization, naive set theory leads to the
logical contradictions, such as Russell's paradox.

In axiomatic set theory the concept of a set is defined by a system of axioms that
are accepted without the proof. The axiomatic set theory was developed to overcome
the paradoxes of naive set theory. The most common axiomatic set theory is the
Zermelo-Frenkel system. Here are its axioms:

1. Extensional axiom. Two sets are equal if and only if they have the same
elements.

2. Empty set axiom. There is a set that does not contain any elements.

3. Pair axiom. For any two sets, there is a set that contains exactly them.

4. The axiom of union. For two sets, there exists a third set that includes all
elements of both, and only them.

5. The axiom of the power set. For any set, there exists a set of all its subsets.

6. Axiom of selection (subset scheme). For any set and property, a subset can be

selected.
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7. Axiom of substitution (substitution scheme). The image of a set under a
functionally given mapping is a set (i.e., if each element of the set is assigned a different
object (according to a rule), then all these new objects also form a set).

8. Axiom of regularity (foundation). Sets cannot contain themselves or form
cycles.

9. Axiom of infinity. There exists an infinite set.

10. Axiom of choice. For any family of non-empty, non-intersecting sets, there
exists a set that has exactly one element in common with each set in the given family,
even if the family has infinitely many sets and the rule for choosing an element from

each set is undefined.

2.2. Numerical sets of school Mathematics

In the school Mathematics course, the theory of real numbers is not fully study.
The proofs found in this theory, and even the definition of a real number, are quite
complex and use a number of ideas that are far from the school course. However, the
term "real number" inevitably appears in the lessons of Mathematics. In particular,
students are told about rational and irrational numbers (the precise definition of which
Is also not formulated).

We come to rational numbers by gradually generalizing the concept of the
number. The first numbers that we get to know in the younger grades of school are the
natural numbers: 1, 2, 3,... The set of all natural numbers is infinite. In this set, two
operations are always performed: “+” and “*”.In this case, the sum and product of two
natural numbers are again natural numbers. As for the inverse operations "-" and ":",
they are not always performed on the set of the natural numbers. For example, 5-9 and
2:3 cannot be calculated without going beyond the set. In order for these operations to
be performed always, the new numbers are introduced — fractional and negative. As a
result, we come to rational numbers.

Usually, the fractional and negative numbers are not introduced at the same time.

In school, the fractional numbers are introduced first (more precisely, positive
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operations, the ":" of one natural number to the second (or even one fractional to the
second) is always performed.

Next, 0 and negative rational numbers are introduced. As a result, we get the set
of all rational numbers. 4 arithmetic operations are performed on this set (except for
the ":" on 0). Another way is also possible: first, 0 and negative numbers are added
(getting Z), then then fractional numbers are added. There is no clear definition of
rational numbers in the school curriculum. The axiomatic way of constructing rational
numbers remains. In this case, it is known what a natural number is, then the term
"rational number" is introduced without a definition and the properties of rational
numbers are formulated.

The set Q of all rational numbers has the following 4 groups of properties:

1)V a, b € Q their sum a + b is defined and

a + b = b + a (commutativity);
(a+b)+c=a+ (b+c) (associativity);

3 the number O that a + 0 = a V rational a;

VY a,b e Q 3! x e Q that is the solution of the equation b + x = a. The number x
is called the difference a and b, x = a — b;

0—a=-—a.

2) the set Q contains the natural numbers QOSN. The rational numbers,

represented as the difference of two natural numbers, are called the integers

(2).
3) for V a, b € Q their productis a - b, is defined and

ab = ba (commutativity);
(ab)c = a(bc) (associativity);
a(b + c) = ab + ac (distributivity);

VaeQ l-a=a;
VabeQ,b+0,3xeQ,that bx = a, x is called the quotient of the numbers

a and b, and denote x = % (division operation);
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4) any rational number is represented as a fraction %, a,beZ, b+0.

These four groups of properties completely characterize the set of rational
numbers (proving this is beyond the scope of the school curriculum). The fulfillment
of these properties can be taken as a definition of the set of all rational numbers.

However, it is not enought only with the rational numbers. You have to introduce
the numbers that are not rational and are called irrational. Together, rational and
irrational numbers are called real numbers.

The arithmetic reason for introducing the irrational numbers: the quadratic
equations and equations of the higher degrees with the rational (and even integer)
coefficients cannot always be solved while remaining in the set Q (for example, x? =
a,x3 =aetc.,a>0,a €Q).

In the school algebra books, there is a proof of the fact that v/2 (i.e., the positive
root of the equation x2 = 2) is irrational, or, more precisely, that there is no rational
number whose square is 2. Even extracting (arithmetic) roots requires the introduction
of irrational numbers.

The set of rational numbers can be defined as follows (after describing the set of
all real numbers): irrational are real numbers that are not rational, that is, that cannot
be represented as two integers.

The geometric reason for introducing irrational numbers: there are not enough
rational numbers to measure the segments.

An irrational number is a number that is written as an infinite non periodic
decimal fraction (an incorrect definition, since it is incomplete and does not describe
operations on such numbers).

The set R of all real numbers has the following 5 groups of properties:

1) 1) the set R contains all rational numbers R o Q;

2) see property 1, we will have the same for the set R;

3) see property 3, we will have the same for the set R;

4) R are divided into the positive and negative numbers. In this case, the sum

and product of positive numbers is again a positive number. This makes it possible to
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introduce the inequalities in the set R: by the definitiona > b (or b < a), if a—b —
positive.

Furthermore, if a is negative, then - a is positive. Va > 0,a € R we find r >
0,r € Q,thatr < a.

5) in the set R every bounded monotone sequence has a limit.

The fulfillment of properties 1) — 5) can be taken as the definition of the set of

all real numbers.

2.3. Point sets

In the school Geometry the geometric figures are studied, that is, the subsets of
the set I15 of the points in the three-dimensional space. The coordinate method allows
you to specify each point in the three-dimensional space as a set of three real numbers
(the coordinates of this point).

Therefore, each geometric figure corresponds to some set of triples of real
numbers. Points in the plane are given by two coordinates, therefore, the plane sets
correspond to sets consisting of pairs of real numbers. The point sets studied in the
school Mathematics are usually given by the tuples of real numbers. For example, the
triangle ABC with vertices A(xy,y,), B(x,,v,), C(x3,y3) is given by the tuple of the
six numbers (x, y1, X2, Y2, X3, V3). The circle with radius R with the center A(x,,y;)
is given by the triple of numbers (x;, y;, R) etc.

Most often, the geometric figures are defined by their characteristic properties,
that is, the properties that the points of these figures possess and that the other points
in the space do not possess. For example, the segment AB consists of such points M
that |AM| + |MB| = |AB|, the disc of radius R with the center O in the plane consists
of such points M of this plane, that |OM| < R etc.

In these examples, the point sets were given geometrically by the properties of
the distances of their points from some fixed points. If a coordinate system is chosen

in a space (on a plane), then the geometric figures are given by the certain sets of
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equations and inequalities that relate the coordinates of the points of these figures. For

example, a straight line is given by the equation Ax + By + C = 0,A4% + B? # 0.
Specifying of the geometric figures with the equations and inequalities allows to

use the apparatus of algebra for solving the geometric problems and, conversely, to

provide a geometric illustration of algebraic statements.

2.4. Operations on the sets in school Mathematics

The operations on the sets are the mathematical operations that allow you to
create new sets based on one or more existing ones. The most common operations
include union (A U B, all elements in A or B), intersection (A N B, elements in A and
B), difference (A\B, elements in A but not in B), and complement (A, elements not in
A, within the universal set). These operations are fundamental to set theory and are
visualized using Venn diagrams, which show the logical relationships between sets
using overlapping circles.

In the school course of Mathematics, the sets begin to be studied in the 8th grade
during the study of the topic “Square roots. Real numbers” (curriculum “Algebra 8th
grade of the New Ukrainian School” based on the model programs of O.S. Ister 2025-
2026 academic year). In particular, they study the concepts of a set and its elements,
subsets, numerical sets, rational, irrational and real numbers. In the 10th profile grade,
they continue to study operations on sets, depict the union and intersection of sets on
diagrams or a number line, and illustrate the concept of a subset.

Example2. 1. LetA={x€R:x?—4<0}, B={xeR:|x—I| <2} FindAN
B,AuBandA\B.

Solution. Hence,

x?—4<0e(x—-2)(x+2)<0=x €[-2,2],
A=[-2,2].
Let’s find the set B:
x—I|<2e-2<x—-1<2&-1<x<3

Thus, B = (-1, 3).
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Let's find the intersection of the sets:
ANB=[-2,2]N(-1,3)=(-1,2],
their union:
AUB=[-2,2]U(-1,3)=[-2,3),
And the difference: A\ B=[-2,2]\ (-1, 3)=[-2, —1].

Solving such a problem is a direct application of the operations on the sets
(intersection, union, difference). In the school tasks, the sets are replaced by the sets of
solutions of the inequalities; the analysis of the intersections of the intervals is a work
with the sets in a practical context.

Example 2.2. There are 30 students in a class, 18 of whom study Mathematics,
12 — Physics, and 7 study both Mathematics and Physics. Using the set theory,
determine how many students study only Mathematics, only Physics, and at least one
of the two subjects.

Solution. Let M be the set of students studying Mathematics and P be the set of
students studying Physics. Students studying both subjects: [MNP|=7. Then the number
of students studying only mathematics: |M\P|=|M|-|IMNP|=18-7=11. The number of
students studying only physics: |P\M|=|P|-|MNP|=12-7=5. The number of students
studying at least one of the two subjects:

IMUP|=|M|+|P|-IMNP|=18+12-7=23.

So, 11 students study only mathematics, 5 students study only physics, and 23
students study at least one of the two subjects.

This example shows how set operations such as union, intersection, and difference are
useful for solving real-world problems related to counting and classification.

These examples demonstrate the connection between the set theory and school
Mathematics. In geometry, the sets allow, for example, to classify the shapes based on
their properties. Venn diagrams can be used to visualize the hierarchy of quadrilaterals,
since many of them are subsets of others (for example, every square is a rhombus, but
not every rhombus is a square). Let us use these diagrams to present a logical

classification of convex quadrilaterals (Fig. 1):
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Quadrilaterals

Trapeziums

Parallelograms

Fig. 1
Thanks to the set theory, abstract thinking becomes a practical tool for analyzing

and structuring mathematical knowledge.
2.5. The power of the set. Cardinality above the continuum

The cardinality of a set is the number of elements of the set. For a finite set, this
Is simply the result of counting its elements. The concept extends to thr infinite sets,
where cardinality measures their size in terms of countability or uncountability [6].

Two sets have the same cardinality if a one-to-one correspondence (bijection)
can be established between their elements. For example, the set of natural numbers and
the set of even natural numbers have the same cardinality, since the correspondence
n—2n can be established. Sets that have the same cardinality as the set of natural
numbers are called countable (e.g., Z, Q). Any infinite subset of a countable set is also
countable.
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A set is defined only by the elements it contains. The order in which the elements
are written is not important. Two sets are equal if they consist of the same elements. If
the order is important, the concept of an ordered set or tuple is used (for example,
(a,)#(b,a)).

The cardinality of a set is denoted by [M|. The smallest infinite cardinality is N
(for example, the natural numbers N). The cardinality set of a continuum (¢ a6o 2%) is
the cardinality of the set of real numbers R that is strictly greater than the countable
cardinality.

Sets of cardinality above the continuum (e.g., 2° ado X,) are the sets that contain
more elements than real numbers, as proven by the Cantor's theorem (the boolean of
the set A has a greater cardinality than A), |P(A)|>|4|). For example, the set of all

functions from R to R has the cardinality exceeding the continuum.

Control questions

1. What is the essence of "naive" set theory?

2. Formulate the Zermelo-Frenkel axioms.

3. Formulate the properties of the set Q of all rational numbers.

4. What is the arithmetic and geometric reason for the emergence of real
numbers?

5. Formulate the properties of the set R of all real numbers.

6. Give the examples of the point sets in school Geometry.

7. What operations are performed on sets in school Mathematics?

8. Hlustrate the connection between set theory and school Mathematics with

examples.
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8§ 3. Mappings in the school course of Mathematics

3.1. Mappings and mathematical structures

The concept of mapping is a partial case of the general concept of
correspondence between the sets. Namely, a mapping from a set X to a set Y is any
functional correspondence between these sets. That is, a mapping from X to Y is a
correspondence f such that the image of an arbitrary element xeX is either an empty set
or consists of a single element. A partial case of this concept is the mapping of the set
X to the set Y, that is, a functional correspondence between X and Y is defined
everywhere. If f is a mapping of X to Y, then the image of each element xeX consists
of a single element yeY, written y= f(x).

The main concepts related to mappings are the domain and the range of
mappings, the concepts of injective, surjective and bijective mappings, the concepts of
composition and inverse mapping.

Recall that an injective mapping is a mapping between elements of two sets in
which two different elements of the first set (domain) are never assigned the same
element of the second set. That is, a mapping /- X — Y is injective if and only if for
each y in Y there is at most one (or no) x in X such that f(x)=y.

Among the functions studied in the school Mathematics course, injective
mappings include, for example, a linear function, a power function with an odd
exponent, exponential and logarithmic functions, etc. Non-injective functions include
power functions with an even exponent, trigonometric functions, and the function y =
|x].

For example, the function f: R — R defined as f(x) = x3 e is injective because for
any two real numbers x and x', if x3= (x")3, that's for sure x =x".

Instead, the function g :R — R, defined as g(x) = x? is not injective because, for
example, g(1) =1 =g(-1).

If, having constructed the graphs of the functions on the coordinate plane, a line

Is drawn parallel to the abscissa axis, and this line intersects the graph of the function
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at one point, then the function is injective. If this line intersects the graph at two or

more points, then the function is not injective (Fig. 2):

10

-10 -5 0 5 10
-10 5 0 5 10

Fig. 2

A mapping /- X — Y'is called a surjective if for every y in Y there exists at least
one x in X such that f(x) =y.

For example, the function f: R — R, defined as f (x) = X2, is not surjective because
there is no real number x such that x> =—1. But if we define the function g: R — [0, )
by the same formula as f, but with a range restricted to nonnegative real numbers only,
then the function g will be surjective.

A mapping /- X — Yis called bijective if it is both injective and surjective.

If there is a bijection f: X—Y, then the sets X and Y are called equipotent and
this is written as |X|=|Y|. The equipotent relation of a set is an equivalence.

A mathematical structure is a collection of a set of elements and certain
operations or rules that determine how the elements interact with each other. For
example, mathematical structures include groups, rings, fields, vector spaces,
topological spaces.

A relation is a mathematical structure that formalizes the properties of objects
and their relationships. For example, the relation of equality, divisibility, parallelism,

etc.
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3.2. Morphisms of structures

A mapping that preserves mathematical structures is called a morphism. It is a
fundamental concept used to compare mathematical structures, such as groups, rings,
or spaces, by establishing a relationship between their elements that preserves the
properties of these structures [6], [7].

A homomorphism is a morphism that preserves the algebraic operations, such as
addition or multiplication.

An isomorphism is a bijective (one-to-one) homomorphism. If two structures are
isomorphic, they are mathematically equivalent.

A homeomorphism is a morphism that preserves the topological structures. It is
a continuous function that has a continuous inverse function.

Recall that a topological space is an ordered pair (X, I), where X is a set and I”
Is a system of subsets of the set X (they are called open), which satisfies the following
conditions [6], [11]:

1. The empty set and the set X belong to 7.

2. The union of an arbitrary set of sets with /" also belongs to 7.

3. The intersection of a finite set of sets with /" also belongs to I". Then the set I
is called a topology over the set X, and the elements of X are points. Sets in /" are called

open, their complements are closed sets.

3.3. Types of mappings in the school course of Mathematics

In school Mathematics, the pupils mainly study the sets consisting of the
numbers or numerical tuples (numerical sets), geometric shapes (point sets), as well as
sets consisting of the geometric shapes. There are four main types of mappings of
interest for school Mathematics:

1) mapping of numerical sets into numerical sets;

2) mapping of numerical sets into point sets;

3) mapping of sets of geometric shapes into numerical sets;
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4) mapping of point sets into point sets.

The most important are the numerical functions of a numerical argument (type 1
mappings). They are the main object of study in the Mathematical Analysis.

The coordinate method establishes a connection between the numerical and
geometric sets. For each xeR corresponds a point M(x) on the coordinate line, and
this mapping is bijective. For each triple of coordinates corresponds a point M(x, y, z)
In the coordinate space.

Similarly, a connection between pairs of numbers and points of the coordinate
plane is established. These correspondences can be considered as a mapping from R*

to 171,, and as a mapping from 77, to R*, k=1,2,3. Mapping from R* to a particular set

of geometric figures allows us to determine the number of parameters on which the
elements of this set depend.

For example, the set of circles on a plane is a three-parameter family, since any
circle is uniquely defined by a triple of numbers (a,b,r), where a and b are the
coordinates of its center, and r is the length of the radius.

The measurement of geometric quantities is an example of the mapping of the
sets of geometric figures into the numerical sets. In the process of measurement, for
each geometric figure that belongs to some set of figures is matched the non-negative
number — the measure of this figure, and the conditions of additivity and invariance
must take place.

The geometric transformations are the bijective mappings 77, on 11,, k=123.

Each such transformation can be specified by a set of the numerical functions. For
example, a parallel transfer transforms a point M(x,y) into a point M'(x’,y"), where
X'=Xx+a, y'=y+b.

Despite the considered types of mappings, the other mappings are also
considered in school Mathematics: expressions into functions, functions into functions,
functions into numbers, etc. For example, the differentiation matches each
differentiated function with its derivative, that is, it is a mapping of a set of
differentiated functions into a set of functions. Calculation of the definite integral of a

function is a mapping of a set of integral functions into a set of numbers, etc.
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3.4. Operations on the mappings in the school Mathematics

In the school curriculum, the mappings of numerical sets are usually considered,
where for each element xeX corresponds a unique element yeY. Here are the main
operations of mappings studied in school [6], [8]:

1. Arithmetic operations:

If we have two functions f(x) and g(x) with the same domain, then we can create
new functions:

Sum and difference: (f+g)(x)= f(x)+g(x); (f-g)(X)= f(x)-9(x);

Product: (fg)(x)=1(x)-g(x)

Quotient: (f/g)(x)=(f(x))/(g(x)), if g(x)#0.

For example, if f(x)=x, and g(x)=sinx, then their sum will be the new function
h(x)=x+sinx.

Let us consider constructing the graph of the function y =t (x)+ ,(x), if the
graphs y = f,(x) and y=,(x) are given.

Recall that the graph of a function is the set of all points y=f(x) in the plane,

whose coordinates x, y satisfy the relation y=f(x).

Note that the domain of a function y =t (x) + f,(x) is the set of those values X,
for which both functions y = (x) and y=t,(x) are defined, i.e. the domain is the

intersection of the domains of definitions of the functions y = t,(x) and y=f,(x) .

Let the point (X,,Y;) belongs to the graph y = f,(x), thatis ¥, = f,(X,), and the
point (X,,Y,) belongs to the graph y = f,(x), thatis ¥, = f,(X;).

Then the point (X,,Y,+Y,) belongs to the graph of the function
y=F )+ f,(x) (since fX)+f,(X;)=Y,+Y,), and any point on this graph can be
obtained in this way. Therefore, the graph of the function y =f (x) + f,(x) can be
obtained from the graph y = f,(x) and y = f,(x) by replacing each point (X,,Y;)
of the graph of the function y = f,(x) with a point (X, Y; +Y,), where Y, = f,(X;), that
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is, by shifting each point (X,,Y;) of the graph of the function y = f, (x) along the
axis y by the value Y, = f,(X,). In this case, only such points X, are considered for
which both functions y = f,(X)and y= f,(x)are defined. This method of

construction is called adding the graphs of the functions y = f,(X)andy = f,(x) .

Example 3.1. In Fig. 3, the graph of the function y=X+SinX is constructed using

the method of adding graphs [13]:

y=X+sinx

Fig. 3
2. Composition of mappings (compound function)
Let f and g be two functions. Substituting the function x = g(t) , instead of the

argument x, under the function signy = f(x), we obtain a new function
y = f(g(t)), in which the argument is t. The function y = f(g(t))is called the

composition of the function f and g.

2

X ] t
.Find f .
1 ind (t2+lj

X+
33

Example 3.2. Let f(x) =



So,
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t? +1 ( t ]+1 t+t2+1 (2 +t+2)(t? +1)
3. Inverse mapping
Let f(x) be a function defined on the interval [a,b]. If this function is not

monotonic, then it may happen that two different values of the argument correspond to

the same value of the function (Fig. 4):

y A
y=f(x)

Fig. 4

Here, for the argument value, the corresponding function values can be uniquely

determined. However, the inverse transition (fromy to x) here will not be unique.
For example, the function takes values Y, at two points x, and X, .

In order for the inverse transition to be unique, we are limited by considering the
monotone functions.

If we agree to denote the inverse function by g, then its definition can be
formulated as follows: equality X, =9(Y,) by definition means that at the point X, the
original function takes the value Y,, thatis, Y, = f(X;).

1. To find the inverse of a monotonic functiony = f (x), you need to replace the

letters x and y, x = f () and from the resulting equality, as from the equation, find y.

For example, for the function f(x)=2x+3, the inverse will be the function f'l(x)=§.
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2. If £(x) isamonotonic function, and g(Xx) is inverse to it, then the function
g (x) is also monotonic, if f is increasing, then g is increasing, if f is decreasing, then
g is decreasing.

3. When moving from a function to its inverse function, the domain and set of
values are interchanged.

4. The graphs of the inverse functions f(x)and g(x)are symmetric to each
other with respect to the liney =x.

5. For any Xx, belonging to the domain of the function f (x), the relation
g(f(x)) = x is hold; for any x, belonging to the domain of the inverse function g (x),
the relation f(g(x)) = x is hold.

4. Geometric transformations of graphs.

When studying the numerical functions, the graph transformations are
considered. This operation is associated with the composition of arbitrary numerical
functions and some standard functions such as, x - x + a,x — ax,x — |x|.

Depending on the order in which the composition of functions occurs, we obtain
from the function f new functions whose values at a given value of x are equal to
f(x + a), f(ax), f |x|, T |x+al, f(x)+a, a f(x), |f(x)|, |f(x+a)| etc. The
compositions are also performed, as a result of which we obtain the functions
f(x + a)tb, b f(x +a), |f(x) + a|, bf(|x| + a) etc. From the school course of
Mathematics, we know how to construct the graphs of such functions based on a given

graph of the function f.

3.5. Continuous and homeomorphic mappings in school Mathematics

A mapping f of a topological space X into a topological space Y is called
continuous if the inverse image of an arbitrary open set A of Y is open in X. An open
set is an abstract concept that generalizes the idea of an open interval on the real number
line. If the topology from X to Y is given by a metric, then any isometric mapping f: X

— Y is homeomorphic.
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In particular, any movement of a plane or space is homeomorphic. All affine
transformations of a plane and space, in particular, similarity transformations, are
homeomorphisms, that is, in the general case, homeomorphisms can change angles,
lengths, areas, volumes, and curvature, stretch objects, twist, crumple and bend. For
example, any segment [a; b] is homeomorphic to the segment [0; 1]; a circle is
homeomorphic to an ellipse or a square (they can be stretched into each other), but not
homeomorphic to a segment.

The properties of a space that are preserved under homeomorphisms are called
topological. The most important of these for the school Mathematics course are the
properties of connectedness, compactness and dimensionality. Recall that a connected
set is a topological space or subset that cannot be represented as the union of two non-
empty separated (open or closed) sets. In other words, it is a set consisting of one
"whole" part, in which any two points can be connected by a continuous line (path) that
belongs entirely to this set. The figures studied in school Mathematics usually consist
of a finite number of connected components. For example, the interval (0; 1) on the
number line, a circle, a sphere, a line, a plane are connected sets. The continuous image
of a connected set is connected.

Many figures considered in school Mathematics are closed and bounded (circle,
circle, polygons, etc.). Closed and bounded figures on the plane and in space are called
compact. The image of a closed bounded figure under continuous mapping is closed
and bounded.

The dimension of any line studied in a school Mathematics course (circles,
hyperbolas, parabolas, function graphs, etc.) is 1, the dimension of any surface is 2,

and the dimension of a sphere and other spatial bodies is 3.

Control questions

1. Formulate the definition of a mapping from the set X to the set Y and a mapping of
the set X to the set Y.
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2. What mappings are called the injective, surjective, and bijective? Give the examples
of them in the school course of Mathematics.

3. What is a mathematical structure?

4. Formulate the definition of a morphism of a structure.

5. What are the main types of mappings of interest to school Mathematics? Give the
examples of each of these mappings.

6. What operations on mappings are performed in the school course of Mathematics?
7. Name the continuous and homeomorphic mappings studied in the school

Mathematics course.
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8 4. Functions in the school course of Mathematics

4.1. Methods of specifying the function

In addition to the known methods of specifying a function (analytical, graphical,
tabular, composition of functions, parametric specification of a function), the other
specifications of the functions are also possible.

For example, the exponential function y = e* can be specified in the following

way:

e* = lim (1 +§)n,

n-00
e* = 1+x+2—?+---+xn—1;=2%°=oxn—?.
The following representation of the complex exponent is also known:
e = cosx + isinx.
For sufficiently small neighborhoods of almost all argument values, analytic
functions can be represented as the sum of power series:

f(x)=ap+a;(x—x0)+ -+ a,(x —x0)",

3 5 7

. X X X
Ssinx=x——+———+ ...,
31 51 7
x2  x* x®
cosx=1——+———+ ...
21 4l 6!

For a geometric progression whose denominator |x| < 1|, we have:

=14 x x4 x%

1-x

Also the integral specification of a function is known, for example:

X
dx
Inx = j—,x > 0.
X
1
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4.2. Continuous functions in the school Mathematics

Continuity of a function is one of those concepts that is often explained
intuitively in school (a function is continuous if its graph can be drawn without lifting
the pencil from the paper), but it is the foundation for a course in Mathematical
Analysis (derivatives and integrals).

In the school course, a function f(x) is called continuous at the point x,, if three
conditions are hold:

1) the function is defined at this point (i. e. f(x,) exists);

2) there exists a limit of the function at this point: lim f(x);
X—>Xq

3) the limit of the function at this point is equal to the value of the function at
this point: lim f(x) = f(x,).
X—>Xq

If a function is continuous at every point on an interval, it is called continuous
on that interval.
Most functions studied in school are continuous in their domain:
1) a linear function is always continuous;
2) a quadratic function is always continuous;
3) power, exponential, logarithmic, and trigonometric functions are
continuous at all points where they are defined.
If at least one of the continuity conditions is violated, then the function has a

discontinuity. For example:
1) y= % — at the point x=0 the function has a discontinuity of the second kind

(one-sided limits are different and equal to +o0 and —o);

2) y = ’;2%24 — at the point x=2 the function is undefined, but its graph looks like

a straight line with a "punctured" point (removable gap);
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2, Sl
3) f(x)z{x+x5 i>1

discontinuity (one-sided limits are different and equal to 1 and 6, a "jump" is

— at the point x=1 the function has a "jump" type

formed between parts of the graph).
In school problems, points that are “suspicious” for a discontinuity are points
where:
1) the denominator is 0;
2) the formula changes (in piecewise functions);
3) the argument of the logarithm function or, for example, the tangent, goes
beyond the limits of permissible values.
Discontinuous functions in school Mathematics also include the functions y=[x]
(the integer part of a number, the function has a discontinuity at each integer point
x=1,2,3,... ) and y={x} (the fractional part of a number {x}=x-[x], the function also has

a discontinuity at each integer point x=1,2,3,... ).

4.3. Axiomatic definitions of linear, exponential, logarithmic, power functions,
trigonometric functions of a numerical argument and their properties. The

theorems of existence and uniqueness of these functions

Definition 4.1. A linear function is any continuous homomorphism of the group
R™ into itself, that is, any function f from the set R into itself that has the properties::
1) fx +y) =f(x) + f(y);
2) f is continuous.
Definition 4.1". A linear function with coefficient a, a € R, is any linear function
that has the additional property:
3)f(1)= a.
Let us list the properties of a linear function (continue the numbering):
4)f(0)=0;
5) f(-x) = -f(x);
6) f(cx) = cf(x) for any c, X € R.
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Theorem 4.1. Let a € R. Then exists the unique linear function l,(x) with the
coefficient a, l,(x)= ax for any x€ R.

In school Mathematics, the function y = kx + b is called a linear one. In the
Higher Mathematics, it is called an affine-linear or affine function. In any case, the y =
kx + b. for b#0 does not satisfy the definition 4.1.

Definition 4.2. An exponential function is any continuous homomorphism of the
group R+ into the group R, that is, any function f(:) from the set R into the set R>0,
which has the properties:

1) fx +y) =f(x) - f(y);
2) f is continuous.

Definition 4.2°. An exponential function with base a, where a>0, is an
exponential function that has the additional property f(1)= a.

Any exponential function we denote by f(x)= a*. Let us present the properties
of the exponential function:

1) a*¥=a*-a’;

2) a* is continuous;

3) al=a;

4) a®=1;

5) a*=(a*)";

6) (aP)=a® foranyb, x € R;

7) the function f(x)= a* is monotonically increasing if a>1 and monotonically

decreasing if O<a<l.

Theorem 4.2. There exists the unique exponential function with the base a, a >
0, i. e. the unique function f from R into R 3 with the properties:

1) f(x +y) =1(x) - f(y) for any x, y € R;
2) f is continuous;
3) f(1)=a.

Definition 4.3. A logarithmic function is any continuous homomorphism of the

group R into the group R+, that is, any function from the set R>0 into the set R that has

the properties:
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1) fx-y)=f(x +y);
2) f is continuous.

Definition 4.3". A logarithmic function with the base a, where a > 0, is the

logarithmic function, which has the properties:
3) f(a)=1.
4) f(1)=0.

For a=1 the properties 4 and 3 contradict each other. Therefore, a logarithmic
function with base a=1 does not exist. Often, the restriction a#1 is included in the
definition of a logarithmic function with base a.

Denote by f(x)=log,x. Let us present the properties of the logarithmic
function:

1) log,(x-y) =log,x +logy,x, VYx,y € Rsy;

2) f(X)= log,x is continuous;

3) log,a =1;

4) log,1 = 0;

5) log,x~t = —log,x if x>0;

6) log, (i) = log,x —log,x, Vx,y € Ryy;

7) log,(a*) =x, Vx€ER,;

8) the logarithmic function with base a is a bijection that is the reciprocal of the
exponential function with base a;

9) the logarithmic function is monotonically increasing if a >1 and
monotonically decreasing if O<a <1;

10) log,(x?) = blog,x, Vb € R, x>0;

11) log,x = log,c - log.x.

Theorem 4.3. There exists the unique logarithmic function with the base a > 0,

I. e. the function from Ry into R with the properties:

1) fx-y)=f(x +y);
2) f is continuous;
3) f(a)=1.
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Definition 4.4. A power function is any continuous homomorphism of a group
R into itself, that is, any function that maps the set R>0 into itself, which has the
properties:

1) fx-y)=1(x)- f(¥) Vx,y € Rsp;
2) f is continuous.

Definition 4.4". A power function with exponent a, where a € R, is a power

function, that has the additional property:
3) f(2)=2¢.

In the property 3, the number 2 does not play any special role. Any positive
number can be written except 1. The notation 2¢ is understood to mean the value of an
exponential function with base 2.

For some values of a, the power function x¢ allows the extension to a wider
domain than R.,. For example, if a=n € N, then by evenness or oddness (depending
onn) x% is extended to R_,. In addition, by continuity 0" isequalto 0. Ifa = —n, n €

N, then x is extended only to R_,. If a>0, then lim x¢ = 0. In order not to violate

a—)0+
the continuity of the function x¢, in this case we set 0¢ = 0.
For odd neN, the function x/™ admits a unique extension to the entire number

line, while for even neN this extension is impossible. This situation is related to the

1\ n
injectivity or non-injectivity of the function x™, since the equality (xﬁ) =x essentially

20

1
defines xn as a function inverse to x™, so the function x13 can be considered defined

13

for ¥x€R, and the function xzo only for non-negative x.

Theorem 4.4. There exists the unique power function with the base a, where a €

The properties of the power functions:
4) 14 =1;
1\%_1,
5 (3) ==
6) (xa)b — xab;
7) x° =1;
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8) the function x¢ is monotonically increasing if a > 0 and monotonically
decreasing ifa < 0.
The axiomatic definition of trigonometric functions is based on the following
properties:

1) the axioms of addition (for example, sin(a+b)=sina-cosb+cosa-sinb, cos(a-
b)=cosa-cosb+sina-sinb);

2) the value of functions at certain angles (manpuxiazn, cos0=1, sin0=0);

3) the fundamental relationship sin?x+cos?x=1 Vx € R;

4) periodicity and symmetry (for example,sin(x+2x)=sinx etc. and properties of
evenness and oddness cos(-x)=cosx, sin(-x)=-sinx).

There are also the following approaches to the axiomatic definition:

1) complex exponent e*=cosx-+isinx;

2) cosine and sine are defined as solutions of differential equations, for example,

y"=-y.

Control questions

1. What are the ways of specifying a function?

2. How can a function be specified using power series?

3. What is an integral representation of a function?

4. Give the examples of continuous functions and functions with discontinuities
that are found in the school course of Mathematics.

5. Formulate the axiomatic definitions of linear, exponential, logarithmic, power
functions, trigonometric functions of a numerical argument.

6. Describe the properties of the functions listed above.

7. Formulate the theorems of existence and uniqueness of linear, exponential,

logarithmic and power functions.
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8 5. Polynomials, equations and inequalities

5.1. Actions on the polynomials

In the school curriculum, the study of polynomials begins in the 7th grade in
Algebra lessons. This topic includes the definition of a polynomial and its standard
form, addition and subtraction of polynomials, multiplication of a monomial by a
polynomial and a polynomial by a polynomial, formulas for abbreviated multiplication
(square of the sum, difference of squares, etc.). In high school (especially in classes
with in-depth study), the topics are actually part of higher Algebra. Namely, division
of polynomials by a "corner"”, Bezu's theorem, Horner's scheme, Vieta's theorem for
equations of higher degrees, integer roots of a polynomial, linear factorization.

A polynomial of x is an expression of the form

Apx™ + a; x" 1+ a x4+ Lt ap_x? ta,_1x +a,, (5.1)
where a,, a4, ..., a,, are some numbers called the coefficients of the polynomial, x is a
symbol that can be substituted with any numerical value [1], [6].

Often the functional symbols are used to denote the polynomials:

f(x)=apx™+a;x" 1+ ax" %+ .. ta,_,x*+a,_1x+a,.

Then the value of this polynomial at x=c is denoted by f(c):

fl©) =agc™+a;c™+ a2+ ot a,_ et ta,_qc+ay,.

The coefficient in expression (5.1) is called the free term. It is obvious that when
x=0 we obtain f (0)=a, , and when x=1 we have that

f()=ay+a,+a,+ .. +ta,_1+a,

Therefore, the value of an arbitrary polynomial when x=1 is equal to the sum of
all coefficients of this polynomial. These two simple remarks are often used in solving
problems.

The identical transformations of polynomials are opening the brackets, reducing

like terms, and permuting terms.
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If ay # 0, then x™ is called the leading term, a, is the leading coefficient, and
the polynomial is called a polynomial of the n-th degree. The notation (5.1) is the
canonical notation of a polynomial of the n-th degree.

Example 5.1. Find the sum of the coefficients of the polynomial which we’ll
obtain from the polynomial

1+ (x> —6X+5)(X° +3x* —2x° + x* = x)® + (X* =3x+1)®(x* +5x+7)
by reducing it to the canonical form.

Solution. We have that f (1)=1+(-1)%-13= -12. Therefore, the sum is —12.

Let us have two polynomials P(x) and Q(x):

P(X) = apx™ + a;x™ 1 + ... + a,,
Q(X) = box™ + byx™ 1 + .. + b,,.

The equality P(x)=Q(x) istrue only if m =n, a, = by, ..., a, = by,.

The following theorems are hold:

Theorem 5.1. If P(x)=Q(x), then for any number c the equality P(c)=Q(c) holds.

Theorem 5.2. If for any number c the equality P(c)=Q(c) is hold, then
P(x)=Q(x).

Theorem 5.3. If P(x)#=Q(x), then there exists a number ¢ such that P(c)#Q(c).

Theorem 5.4. If there exists such a number c such that P(c)#Q(c), then P(x)#
Q).

Theorem 5.1 (and hence, the equivalent Theorem 5.4) is obvious. On the
contrary, Theorem 5.2 (and the equivalent Theorem 5.3) is not at all obvious.

Example 5.2. A student multiplied the polynomials and obtained the following
result: (x°> —x*+x? —x+ 1)(x + 1) = x® + 1. Check whether the multiplication
was performed correctly.

Solution: Let P(x) =(x> — x* + x2 —x + 1)(x + 1) and Q(X) =x° + 1.

If x=0, then we have P(0)=1, Q(0)=1, then P(0) =Q(0). Similarly, P(1)=2,
Q(1)=2, i.e. P(1)=Q(1).

Can we say that P(x)=Q(x), i.e., that the multiplication is done correctly? No
theorem gives the answer.

Further, for x = -1, P(-1)=0, Q(-1)=2, i.e., P(-1)#Q(-1).
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Therefore, the multiplication is not done correctly.

Theorem 5.5. Let P(x) and Q(x) be two polynomials, each of degree not
exceeding n. Then, if the values of the polynomials coincide at n+1 points, then
P()=Q(x).

If P(c) =Q(c), P (cz2) =Q (c2), .., P (cny1) =Q(cny1) (Where ¢y, ¢y, o) Cppn
are different numbers), then P(x)=Q(x).

Theorem 5.2 follows from the Theorem 5.5.

The following theorems are often useful in solving a number of problems.

Theorem 5.6. Let P(x) and Q(x) be two nonzero polynomials. Then the degree
of the polynomial P(x)-Q(x) is equal to the sum of the degrees of the polynomials P(x)
and Q(x), and the highest coefficient is equal to the product of the highest coefficients
of the polynomials P(x) and Q(x).

Theorem 5.7. The degree of the polynomial P(x)+Q(x) (or P(x)-Q(x)) does not
exceed the largest of the degrees of the polynomials P(x) and Q(x).

Let's consider the dividing of the polynomials. Let f(x) and g(x) be two
polynomials, g(x)=0. If there exists a polynomial g(x) such that f (x)=g(x)-q(x), then
we say that the polynomial f(x) is divisible by g(x) (g(x) is the divisor, g(x) is the
guotient).

The simple examples show that one polynomial is not always divisible by
another. For example, a polynomial x* + 1 is not divisible by a (x-1) whole. If x2 +
1 was divisible by (x-1), then x*+1=(x — 1) - q(x) , but for x=1, x? + 1=2 and
(x — 1) - q(x)=0. Therefore, the written equality has no meaning for any q(x).

So, in the set of polynomials, the division operation cannot always be performed.
However, there is a more general operation: division with a remainder (if the divisor is
not equal to 0).

Let f (x) and g (x) be two arbitrary polynomials, and g(x)#0. Then there exist the
polynomials q(x) and r(x), such that the equality f(x)=g(x): gq(x)+r(x) is hold,
where r(x) either is equal to 0 or has a lower degree than the polynomial g(x). By these

conditions the polynomials q(x) and r(x) are defined uniquely.
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5.2 Algebraic equation and its roots. Bezout's theorem. The fundamental

theorem of Algebra

The number c is called a root of the polynomial f (x) if f (c)=0. The problem of
“finding all the roots of a given polynomial f (X)” is also usually formulated as follows:
solve the equation f (x)=0.

In other words, if we are talking about the equation f (x)=0, then we do not mean
that the notation f(x)=0 means the equality of the polynomials (that is, that all
coefficients are equal to 0).

Note that the roots of the polynomial f(x) are also called the roots of the equation
f(x)=0. We emphasize that solving an equation means finding all of its roots [4], [6].

There are various equations in the school course of Mathematics: irrational,
logarithmic, exponential, trigonometric, and others. An algebraic equation is an
equation of the form f(x)=0, where f(x) is a polynomial. If f(x) is a polynomial of the
n-th degree, then the equation f(x)=0 is called an algebraic equation of the n-th degree.

When solving the algebraic equations, the following theorem (Bezus' theorem)
is useful.

Theorem 5.8. The remainder of the division of a polynomial f(x) by (x — a) is
equal to f(a).

Indeed, f(x) = (x —a) - q(x) +r(x), r(x) # 0, the degree of the remainder
r(x) is less than the degree of the divisor (x — a) or is equal to 0. Therefore, r(x)=r
IS a number,

f)=&—-a) qx)+r, fl@=0+r, fla)=r

Theorem 5.9. If a is a root of a polynomial f(x), then this polynomial is divisible
by (x — a).

If we know the root x=a of the algebraic equation f(x)=0, then finding the
remaining roots of this equation reduces to solving the equation g(x)=0, which has a
degree 1 less than the original equation.

Theorem 5.10. If all coefficients of the polynomial
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f(x)=apx"+a;x" 1+ .. +a,_1x+a,
are integers, then every integer root of this polynomial is a divisor of the free term a,,.
Theorem 5.11. An arbitrary polynomial of degree n
f(x)=apx™+a;x™" 1+ ..+ a,_1x +a,
can be represented as the product
fx) = ag(x —c)(x = ¢z) ... (x — cp)-

This decomposition is unique up to the order of the multipliers. The proof of
Theorem 5.11 is based on the following theorem.

Theorem 5.12. An arbitrary polynomial f(x) whose degree is different from 0 has
at least one root.

The proof of this theorem is not elementary, according to the methods of proof
It is not a non-algebraic theorem.

Theorem 5.13. Let f(x)=ay(x—c)(x—¢cy)...(x—c,) be the
decomposition of a polynomial of degree n into multipliers of degree 1. Then the
numbers c,, ¢,, ..., ¢, are the roots of the polynomial f(x) and this polynomial has no
other roots.

If among the numbers ¢4, ¢, ..., c,, there are those that coincide, then we say that
the polynomial has multiple roots. If among the numbers the number ¢ occurs k times,
and all the others are different from c, then c is called a k-fold root of the polynomial
f(x).

Theorem 5.14 (refinement of the fundamental theorem of algebra). Every
algebraic equation of the nth degree has exactly n roots.

Example 5.3. Find the remainder from dividing a polynomial
P +x*+10x+5
by a polynomial x° +1.
Solution. By the definition of division, we have the identity
PR -|—1Ox-|—5:Q(x)(x2 -|-1)-|—ax+b,
which is valid everywhere in the domain of complex numbers. As x, we need to choose

one of the roots of the expression x*+1, for example, x=i. Substitute x=i and get
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i®+i2+10i +5=ai+b, that is, 8 +5=ai+b, from where a=8b=5. Therefore, the

remainder is 8x+5.

5.3. Different approaches to defining the concept of an equation (inequality)

In modern Mathematics, there are three main approaches to the interpretation of

equations and inequalities:

1)

2)

3)

expression approach (classical). An equation is considered as an equality of
two mathematical expressions, that is, it is consisting of two expressions
connected by the "=" sign (or the ">" and "<" signs for inequalities). The main
attention is paid to formal transformations of expressions (simplification,
opening of brackets) to find the value of the variable;

functional approach. The equation is considered as a question of common
points of the values of two functions. The equation f(x)=g(x) is the problem of
finding the values of the argument x at which the values of the functions f and g
coincide. Solving the equation means finding the abscissas of the intersection
points of the graphs y= f(x) and y= g(x). The inequality f(x)>g(x) determines the
intervals where the graph of one function lies above the other;
logical-semantic approach (through the predicates). This is the most rigorous
approach that uses the concepts of mathematical logic. An equation (or
inequality) is a predicate (a sentence with a variable), which is transformed into
a true or false statement when a specific value of the variable is substituted from
a certain set. That is, the variable x is an object from a certain domain of
definition. Solving an equation means finding the truth set of this predicate (all
values of x for which the statement becomes true). If the truth set is empty, the
equation has no solutions.

The equal sign is used in Mathematics very often and the meaning given to this

sign is not always the same. For example, (5.2), (5.3), (5.4), where (5.2), (5.3), (5.4)

are some expressions:
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o1 1870 (5.2)
257 257
1236 =2 *3*103, (5.3)
1 5
log ﬁ(ij ~10. (5.4)

The meaning of "="in (3.2), (3.3), (3.4): the truth of such a statement means that
the same number is on the right and on the left sides. We will call such statements the
numerical equalities.

In another sense, the sign "="is used when we are talking about the equality of
functions. Two functions f(x) and g(x) are equal (i.e. coincide) if, firstly, the domains
of definition of these functions coincide, and, secondly, for V x, € D(f): f(Xo)=g(Xo).

Often in such cases the sign "=" is used instead of "=". The notation f(x)=g(x)
or f(x)=g(x) is also called an identity.

For example, (x + 1)? = x2 + 2x + 1, log, 2* = x.

Sometimes when considering identities it is necessary to limit the domain of
definition of functions. Namely, we will say that the equality f(x)=g(x) is an identity
on the set M if, firstly, the set M is contained in the domain of definition of each of the
functions f(x), g(x), and, secondly, the numerical equality f(xo)=g(xo) is valid for vV x, €
M.

We write f(x)=g(x) on the set M or f(x)=g(x) for € M.

Example 5.4. Equality Vx2 = x is an identity on the set of non-negative

numbers, i.e. Vx2 = x,whenx = 0. Although the domain of these functions is
(—o0; +00), their values coincide only on the set of non-negative numbers. On the set
of all real numbers, the relation is not an identity.

In a completely different sense, the sign "=" is used when considering equations.

An equation with one unknown x has the following general form

f(x)=9(x), (5.5)

where f(x) and g(x) are arbitrary functions. If we say that (5.5) is an equation, this
means that the equality (4.5) is considered as an indefinite statement (for some values

of x it is true, for others it is false), that is, we are interested in finding the roots.
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The number a is called a root of equation (4.5) if, first, this number belongs to
the domain of both the functions f(x) and g(x), and, secondly, f(a)=g(a).
Solving an equation means finding all its roots (or proving that the equation has

no roots).

5.4. Relation of implication and equivalence on the set of equations
(inequalities). Basic transformations of equations (inequalities) from the point of

view of their equivalence

In the process of solving equations, we usually perform some transformations.

There is a basic rule: you cannot perform transformations that can lead to the
loss of roots. Sometimes, with some transformations, new roots may appear. This is
why it is necessary to check the roots.

Let f(x)=g(x) be a given equation, and f1(x)=g:(x) be some new equation formed
as a result of the transformations. We will say that when going from the equation
f(x)=g(x) to fi(x)=g1(x) there is a loss of roots if there exists a number x, (at least one)
that is a root of the equation f(x)=g(x) and is not a root of the equation fi(X)=g.(x).
Further, a number x, is called a foreign root if this number is a root of the equation
f1(x)=g1(x) and is not a root of the equation f(x)=g(x).

Example 4.5. Solving the equation x3 = x, by dividing both its parts by x, we
get

x%=1;x, = *1.

But x=0 is also a root of the equation. Therefore, by reducing by x, we have lost
one root.

Definition 5.1. Two equations f(x)=g(x) (5.6) and f.(x)=g.(x) (5.7) are called
equivalent on some set M if they have the same solutions on this set, i.e. each root of
equation (5.6) belonging to the set M is a root of equation (5.7), and vice versa, each

root of equation (5.7) belonging to the set M is a root of equation (5.6).
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Example 5.6. The equations x = 0 and x(x? + 1) = 0 are equivalent on the set
R (x=0 is the unique root) and are not equivalent on the set C, where the second
equation has two more roots (x, = i,x3 = —i).

Definition 5.2. Let some equation f(x)=g(x) be given. The equation fi(x)=g.(x)
Is called a consequence of the equation if no roots are lost when going from the first to
the second equestions, i.e. all roots of f(x)=g(x) are roots of fi(x)=g(x).

Definition 5.3. We will say that equation f(x)=g(x) (5.6) is equivalent to the
disjunction of equations fi(x)=g.(x), f2(X)=gz(x), ..., f(X)=0n(x) (5.7) if the following
conditions are hold:

1) each root of (5.6) is a root of at least one of the equations (5.7);

2) any root of any equation (5.7) is a root of equation (5.6).

That is, we can write
fXx)=9(x) & f1(x)=0g1(X) v f2(x)=02(X) v ... v Tn(X)=0n(X).

Now let us consider the inequalities. All real numbers are divided into positive,
negative and 0. To indicate that a is positive, we use the notation a>0.

Recall that the sum and product of positive numbers are also positive numbers.
Further, if a is negative, then -a is positive (and vice versa). Finally, for any positive
number a, there is a positive rational number r such that r<a. These facts are the basis
of the theory of inequalities.

By the definition, the inequality a>b (or b<a) only holds if a—b is positive.

Let us present the main properties of inequalities. Let a,b,c € R,n € N.

1) ifa>bib > c,then a > c (transitivity).
Proof: a > b, by the definitiona —b > 0; b > ¢, b — ¢ > 0. Hence,
a—c=(@a—-b)+(b—-c)>0
as the sum of positive numbers. Hence, a > c.
2) if a > b, then for any c the inequality holds
a+c>b+c.
Proof: since a > b, then a — b > 0. Hence,

(a+c)—(b+c)=a—b >0,
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l.e.a+c>b+c.
3)Ifa+b>c,thena>c—b.
The proof follows from property 2).
a+b>c |+(-b),
a+b—b>c—b,
a>c—b.
4)ifa>bic>d,thena+c>b+d.

Proof: according to the definition of inequality, it is sufficient to show that the
difference (a + c) — (b + d) >0. We have

(a+c)—(b+d)=(a—b)+ (c—a).
Since the condition implies that (a — b) > 0 and (c — d) > 0, then
(a+c)—(b+4d) >0.

Corollary. From properties 2) and 4) the following rule for subtracting
inequalities follows: ifa > band ¢ > d ,thena — d > b — c (to prove it, it is enough
to add to both sides of the inequality a + ¢ > b + d add a number (—c — d)).

5) if a > b, then when ¢ > 0 we have that ac > bc, and if ¢ < 0 we have ac <
bc.

Proof: if a>b, then a—b > 0. That’s why the sign of ac— bc =
c(a — b) coincide with the sign of a number c. If ¢ > 0,then ac — bc > 0,ac > bc.
If c < 0,thenac — bc < 0,ac < bc.

6)if a>b>0andc >d > 0,then ac > bd.

Proof: ac—bd =ac —bc+ bc—bd =c(a—b)+b(c—d). Since c>
0,b >0,a—b>0,c—d>0,then ac-bd>0, i. e. ac>bd.

7) ifa>b>0andc>d>0,then%>§.

Proof: we have, that% — g = acc_dbd. Since the numerator and denominator of the

. .- b
fraction are positive, then to % -=> 0.
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Partial case: ifa=b =1,c>d > 0,then % < %. This rule is maintained if
c<0, d<0. Hence, if ¢ > d and cd > 0, then % <§. If c>dandcd <0 (i.e.c >

0,d < 0),then - > =.
c d

Equivalent transformations of equations
1) addition (subtraction) of the same expression:
f)=9(X) & f(x)+h(x)=g(x)+h(x);
2) multiplication (division) by a non-zero expression:
f)=9(x) = fix) h(x)=9(x) 41(x),h(x)#0;
In this case, the range of permissible values must be taken into account.
4) transfer of members:
fx)=9(x) = f(x)—g(x)=0;
5) opening brackets, reducing like terms;
6) change of the variable (bijective) — if the change is one-to-one, then the
equivalence is preserved.
Non-equivalent transformations of equations
1) multiplication by an expression that can be equal to zero (extra solutions may
appear);
2) raising to a power (the sign is lost, therefore extraneous roots appear);
3) extracting the root (part of the solutions is lost);
4) logarithmization, exponentiation.
Equivalent transformations of inequalities
1) addition (subtraction):
f)>9(x) & fx)+h(x)>g(x)+h(x);
2) multiplication (division):
f(xX)>g(x) < f(x)h(x)>g(x) -h(x), h(x)>0,
f(x)>g(x) < f(x) h(x)<g(x) h(x), h(x)<O (the sign changes);
3) raising to a power (for an even power — non-equivalent transformation, for an

odd power — equivalent);
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4) application of monotonic functions (if the function increases, then the sign is

preserved, if it decreases, then the sign changes).

5.5. Equations with one and two parameters.

Equations in the domain of complex numbers

Equations with parameters and equations in the domain of complex numbers
require the special methods of solution because they depend on additional conditions
or an extended number system. A parameter is a constant quantity which value is not
specified in the condition, but on which the number or type of roots of the equation
depends.

An equation with parameters is an equation of the form f(x;a,; a,; ...; a,;,)=0,
where X is the unknown, a;; a,; ...; a,, are the variable parameters. Solving an equation
with parameters means that for each value of the parameter it is necessary to determine
whether the equation has solutions, and if so, to find these solutions, which, as a rule,
depend on the parameter. Such equations are solved by the analytical and graphical
methods.

Example 5.7. Find all values of the parameter a for which the equation
|x? — 8|x| + 7| = a has less than 4 roots.

Solution. Let us use the graphical method to solve the given equation with the
parameter (Fig. 5). Let us select the complete square and write this equation in the form
(x| = 4)2 = 9] = a . Let f(x) =|(Ix| — 4)* - 9], g(X)=a.

56



’

2414109 8.7 6 5 4-3-2-1| 12345678 09101112

Fig. 5

Let us schematically depict the graphs of the functions f(x) and g(x). The graph of
the function g(x)=a is a straight line parallel to the Ox axis. The solutions of the
equation are the abscissas of the intersection points of the function graphs.

The straight line will not intersect the graph of f(x) if a<0. If a>9, then the straight
line will have less than four intersection points with the graph (namely two). That is,
the equation has less than 4 roots if

a€ (—oo;0) U (9; + o0)

An equation with two parameters is called an equation of the form f(x; a, b)=0,
where a and b are parameters.

Example 5.8. Find all values of the parameters a, b € R for which the equation

x’+ax+b=0
has two different positive roots.
Solution. Let x; and x, are the roots of the given equation. By Vieta's theorem:
X1+Xx=—a, x1x,=b.
In order for the equation to have two distinct roots, it is necessary that
D =a?—-4b>0.
In order for the roots to be positive, it is necessary and sufficient that
{xl +x, >0,

xX1x5 > 0.
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Combining all the conditions, we obtain the following system for the parameters:

a’—4b > 0,
a<o,
b > 0.

Therefore, the equation has two distinct positive roots if and only if
a<0,b>0,a*> 4b.
An equation in the domain of complex numbers is an equation where the variable
z belongs to the set C, z=x+iy, where X, y € R, a i*=—1.
Solving of the equations:
1) 1) quadratic equations: with a negative discriminant, the solution is two

. —-b+iy/|D],
conjugate complex numbers z = —

2) n-th root: the equation z™ = w has n distinct complex roots that lie on the circle,
according to the Moivre's formula;

3) f(z2)=g(2): the method of equating real and imaginary parts is one of the basic
and effective ways of solving the equations in the set C.

Example 5.9. Calculate the value of an expression

1
167

yA
7167

for z, which satisfies the equation z + 1 =1.
z

Solution. By the condition z satisfies the equation z°—z+1=0, i. e. z°=-1.

Since
55
2167 :(23) .72 :_22’

then you need to calculate the value of the expression

—22—2—12:{22 +%)

Let's square the equation z + 1 =1 and find that
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1
Hence, 2'% +—0=1.
i

5.6. Some well-known inequalities

1. Ya,b €ER: a? + b? > 2ab.
2. If aib € R have the same sign (i.e. ab > 0), then
a b
3. 1fa>0ib > 0,then azi > +ab, that is, the arithmetic value of two non-

negative numbers is not less than their geometric value.
4. Inequality for the arithmetic mean and geometric mean of n non-negative
numbers (Cauchy inequality): non-negative numbers,: if a,,a,,...,a, — ¥V non-

negative numbers, then

+a,++ay, n
%2 \/a1' Ay .
Equality holds whena, = a, = - = a,,.
5. Cauchy-Bunyakovsky inequality: for any real numbers

a,,a,, ..., a,, by, by, ..., b, the next inequality takes place:

(a1by + ayby+...+a,by)? < (a2 + az+...+a2)(b? + b3 +...+b2).

Equality takes place if and only if the numbers a,, i b, are proportional, that is,
when there are such numbers a and B,a? + % # 0 and for all k = 1,2,...,n the
equality aa;, + b, = 0 holds.

6. Bernoulli’s inequality: if x > —1, then for any n € N the inequality
(1+x)™ =1+ nx holds.

7. Holder’s inequality: for any non-negative real number pairs (x;; y;), where

i = 1,n and the positive rational numbers p, q: % +$ = 1, the inequality takes place:

1 1
(e +og +af + )P (0 +yy +ys )

= (X1 + X2y2 + X3Y3 + 0+ XpY)
8. Minkovski inequality:
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1 1 1
(P +al+ )+ (O + 9+t it (2 42+t 2B )P >

(G +yr++z2)P + ety ++ )P+ g+ Yy + o0+ Zn)p)%-
9. Chebyshev inequality: for two non-decreasing (or two non-increasing)
sequences of numbers a; and b; the inequality holds:
a1+a2+a3+---+an_b1+b2+b3+---+bn

n n
< a1b1 + azbz + a3b3 + et + anbn

n
Example 5.10. Find all m for which the inequality

mx> —4x+3m+1>0
is satisfied for all positive values x.
Solution. The condition that the branches of the parabola are directed upwards
means that m>0. If the parabola does not intersect the Ox axis, then we obtain the

system

m >0,
D=4-m(3m+1)<0.
If the given trinomial has the real roots, then the larger root must not be positive:

m >0,
2+\/4—m(3m+1)<0

m
The second inequality of the second system (and, as a consequence, the entire system)
has no the solutions when m> 0, since the numerator and denominator are positive.

Solving the second inequality of the first system, we obtain:
m< —11, m>1.
3
Taking into account the first inequality, we find the solution of the inequality: m>1.
Let’s now m=0. Then we obtain, that -4x+1>0, i.e. X <% and the inequality

Is not satisfied for all positive x.

Hence, m>1.
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5.7. Application of the derivative and integral when proving inequalities

When proving inequalities using the derivative, the following considerations are
made [6], [9].

Let us assume that on the interval x € [a, b] from the domain of the functions f
and g we need to prove the inequality f(x) = g(x). Consider the function u(x) =
f(x) — g(x). Let the derivative u’(x) have a single root xo on a given interval, X is
the minimum point of the function u(x) and the equality u(x,) = f(x,) — g(xo)
holds. This is enough to prove that on the interval [a, b] the inequality f(x) = g(x)
holds.

This method can also be used to prove the numerical inequalities. Then, before
implementing the scheme described above, consider a function that has the numerical

values at some points.

2
Example 5.11. Prove the inequality cosx > 1 — x? for any real x.

2
Proof. Let’s have the function f(x) =cosx —1 +x7. The derivative of a

function f'(x) = x — sinx has the unique root x=0. Hence, x=0 is the minimum

point of the function. So, for all values x # 0 the inequality will hold f(x) = cosx —

2
1+=-> 0. The equality is achieved when x=0.

When proving the inequalities using an integral number, the following
measurement is achieved [6], [9]. Let two continuous functions f (x) and g(x) be given
on the interval [a,b] and at all points of this interval the inequality f(x) = g(x) holds.
Then on the interval [a, b] the inequality f;cf(t) dt > f;cg(t) dt holds. Similarly, the
statement holds for the following functions f(x) > g(x), f(x) < g(x) and f(x) <
g(x).

The procedure for implementing this method is as follows: to prove the inequality
F(x) = G(x) consider the functions f(x) ta g(x), where F'(x) = f(x), G'(x) = g(x).
When performing the inequalityf (x) = g(x), we claim that the inequality F(x) =
[Cf@®dt = G(x) = [ g(t)dt is also true.
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Example 5.12. Prove the inequality

VZ + V3 + o+ 2019 < 2RI

Solution. Consider the function f(x) = +/x. Each term +/n can be interpreted as

the area of a rectangle with height v/n and base equal to 1 (the distance between points

nandn + 1), then

9.

2020

V2 + 3+ +2019 < f Vxdx =

202
x% 020 _2720203-2v23 _ 8080v/505-4v2
2 3 3 '

wIiN

Control questions

What is the canonical form of a polynomial of degree n?

What operations are performed on polynomials?

What concepts of higher Algebra from the theory of polynomials are studied in the
school course of Mathematics?

What is an algebraic equation?

Formulate Bezu's theorem and the fundamental theorem of algebra.

Give the different approaches to the definition of the concept of equation
(inequality).

What transformations of equations (inequalities) are equivalent?

Formulate the definitions of equations with a parameter and two parameters and
indicate what are the methods for solving them.

What are the methods for solving equations in the domain of complex numbers?

10. Give some well-known inequalities (mean inequalities, Cauchy, Cauchy-

Buniakovsky, Bernoulli, Holder, Minkovsky, Chebyshev).
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