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We present a theoretical study of the hole energy spectra and wave-function spatial distributions
in spherical, cubic, and conical GaAs/AlAs quantum dots. The calculations are performed within
the four-band Luttinger–Kohn model using a three-dimensional plane- wave expansion method,
which allows for the exact analytical evaluation of the Hamiltonian matrix elements via the Fourier
transforms of the nanostructure shape functions. We demonstrate that the reduction of spatial con-
finement symmetry from spherical to cubic and conical geometries alters the energy levels structure
by taking off the characteristic four-fold and six-fold degeneracies into lower-symmetry multiplets.
Cross-sectional distribution of probability density reveal that the hole states exhibiting distinct S-
and P-like characteristics by a mixing of heavy- and light-hole components. Furthermore, a compar-
ative analysis at a constant internal volume shows a blue-shift of the ground state energy confirming
that geometric shapes with sharp boundaries minimize the effective carrier volume and significantly
enhance quantum confinement.
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I. INTRODUCTION

Modern materials science and solid-state physics are
inextricably linked to semiconductor nanostructures,
which have become the fundamental basis for developing
cutting-edge technologies [1, 2]. Quantum dots (QDs),
due to the strong three-dimensional spatial confinement
of charge carriers, exhibit a discrete energy spectrum and
unique physical properties, allowing them to be treated
as “artificial atoms”. The ability to precisely tune their
parameters by altering dimensions and chemical com-
position has led to the widespread integration of such
heterosystems into practical applications [3, 4]. Today,
they serve as functional elements practically everywhere:
from highly efficient lasers [5], light-emitting diodes [6],
and photodetectors [7] in optoelectronics to the foun-
dational components of quantum computing [8], single-
photon emitters [9], and advanced solar cells [10, 11].

The functionality of most QD-based devices depends
on the quantum-mechanical characteristics of both types
of charge carriers. In particular, hole states play an im-
portant role in shaping the overall optical properties of
the system. The specific nature of the valence band de-
fines the selection rules for interband radiative transi-
tions, determines the polarization of luminescence, and
directly affects optical matrix elements. Furthermore, the
spatial distribution and localization of the hole govern
the exciton binding energy, spin relaxation dynamics,
and carrier mobility in nanodevices. An adequate the-
oretical description of the hole subsystem is a neces-
sary step for predicting the efficiency of optical emis-
sion and understanding the fundamental mechanisms of

light-matter interaction in confined geometries.

Unlike electrons in the conduction band, which are de-
scribed with a high degree of accuracy by a simple single-
band model with an isotropic effective mass, the theoret-
ical analysis of hole states requires a significantly more
complex mathematical apparatus, as in [12–20]. The va-
lence band of most semiconductors with a zinc-blende
structure is characterized by degeneracy at the center of
the Brillouin zone and strong spin-orbit coupling. This
leads to a complex mixing of heavy and light hole states,
making the single-band approximation physically incor-
rect. Therefore, to accurately calculate hole spectra, it is
necessary to employ multiband models, among which the
k · p-Luttinger Hamiltonian is the most important and
reliable tool [12–14]. This approach allows for the incor-
poration of the multicomponent nature of the wave func-
tion, the anisotropy of isoenergetic surfaces, and the spa-
tial dependence of effective masses at heterointerfaces.

Solving the multicomponent Schrödinger equation
with the Luttinger Hamiltonian is a non-trivial task, the
complexity of which is directly determined by the geom-
etry of the nano-object. For ideally spherical QDs, due
to the preservation of full spherical symmetry, exact ana-
lytical solutions exist [14–16]. However, real heterostruc-
tures synthesized by modern epitaxial methods typically
possess more complex shapes, such as cubic [20], cylin-
drical [21], conical [22] or pyramidal [23]. For such low-
symmetry systems, analytical solutions remain unknown,
necessitating the use of powerful numerical algorithms.
One of the most efficient approaches in this context is the
plane-wave expansion method. This method has proven
itself to be highly robust and has been successfully ap-
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plied numerous times for calculating electronic states
in superlattices and complex nanostructures [24–27]. Its
primary advantage lies in the absence of the need to
manually match wave functions and their derivatives at
the material interfaces. All boundary conditions, includ-
ing potential and Luttinger parameters are automatically
and naturally accounted for through the Fourier trans-
forms of the material parameters.

The objective of this work is the calculation and com-
parative analysis of hole states in semiconductor QDs of
various geometric configurations (spherical, cubic, and
conic). Utilizing the four-band Luttinger model and the
plane-wave method, the hole energy spectra of those sys-
tems will be calculated, taking into account the spatial
variation of the effective masses of light and heavy holes
in the QD and the surrounding matrix.

II. THEORY OF HOLE STATES IN THE
QUANTUM DOT

We consider a semiconductor QD composed of mate-
rial A embedded in an infinite matrix of material B. We
describe the geometry of the nanostructure by a spatial
shape function that equals unity inside the QD and zero
in the matrix:

S(r) =

{
1, r inside the QD,

0, otherwise.
(1)

Any position-dependent material parameter (Luttinger
parameters γ1, γ2, γ3) or confining potential is then ex-
pressed as

f(r) = fmat + (fQD − fmat)S(r), (2)

where fQD and fmat are the values of the parameter in
the QD and matrix materials, respectively. The band off-
sets at the heterointerface form a three-dimensional con-
fining potential U(r) for holes. This rectangular confining
potential for holes is given explicitly by

U(r) = Umat + (UQD − Umat)S(r), (3)

where typically UQD = 0 (bottom of the potential well)
and Umat = ∆Ev > 0 (valence-band offset at the het-
erointerface).

Owing to the fourfold degeneracy of the valence band
at the Γ-point in zinc-blende semiconductors, the four-
band k · p-Luttinger Hamiltonian for the Γ8 subspace
(j = 3/2) is employed. The split-off band is neglected
due to the large spin-orbit splitting ∆so.

To preserve spherical symmetry of the kinetic oper-
ator, the Baldereschi–Lipari approximation [13] is ap-
plied, replacing parameters γ2 and γ3 by a single effective

spherical parameter:

γ =
2γ2 + 3γ3

5
. (4)

We employ this approximation to decouple shape and
crystalline anisotropies, allowing us to focus exclusively
on the pure effects of geometric confinement.

The symmetrized Hermitian Hamiltonian [13, 16]
reads

Ĥ =
ℏ2

2m0

∑
α,β

[
k̂αK̂αβ(r)k̂β + U(r)Î4×4

]
, (5)

where m0 is the free-electron mass, α, β ∈ {x, y, z}, k̂α =

−i∂/∂xα, Î4×4 is the identity matrix and the 4×4 kernel
is

K̂αβ(r) = γ1(r)δαβ − 2γ(r)

(
1

2
{Ĵα, Ĵβ} −

5

4
δαβ

)
. (6)

Here, Ĵα are the 4 × 4 spin 3/2 matrices and {Â, B̂} =

(ÂB̂ + B̂Â) is the anticommutator.
The system is placed inside a large cubic supercell of

volume Ω = L3 (L ≪ characteristic QD size) and satisfies
periodic Born–Karman boundary conditions. The four-
component hole wave function is expanded by the plane-
wave basis:

Ψ(r) =
∑
G,mj

CG,mj
|G,mj⟩ , (7)

where mj ∈ {3/2, 1/2,−1/2,−3/2}, the coefficients
CG,mj

are to be determined, and

|G,mj⟩ =
1√
Ω
eiG·r |mj⟩ (8)

are the basis states in the plane-wave method.
The reciprocal-lattice vectors are defined as G =
(2π/L)(nx, ny, nz) with integer ni. The plane-wave basis
is truncated by retaining only those vectors G for which
the free-electron kinetic energy does not exceed a chosen
cutoff energy Ecut:

ℏ2G2

2m0
≤ Ecut, (9)

where Ecut is a convergence parameter (typically
15–25 Ry). Substituting the expansion into the

Schrödinger equation ĤΨ = EΨ and projecting onto the
basis yields the algebraic eigenvalue problem:

∑
G′,m′

j

Hmjm′
j
(G,G′)CG′,m′

j
= ECG,mj

. (10)

The matrix elements are
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Hmjm′
j
(G,G′) =

ℏ2

2m0

∑
α,β

GαG
′
β

[
γ1(q)δαβδmjm′

j
− 2γ(q)

(
1

2
{Jα, Jβ}mjm′

j
− 5

4
δαβδmjm′

j

)]
+ U(q)δmjm′

j
, (11)

where q = G − G′, γ1(q), γ(q), and U(q) denote the Fourier transforms of the corresponding position-dependent
quantities.

All geometry dependence enters the calculation solely
through the Fourier transform S(q) of the shape function
via

f(q) = fmatδq,0 + (fQD − fmat)S(q). (12)

The same relation holds for the confining potential:

U(q) = Umatδq,0 + (UQD − Umat)S(q). (13)

The geometries differ solely in their spatial shape func-
tion S(r) and its three-dimensional Fourier transform
S(q). All other parts of the formalism (the Luttinger
Hamiltonian, the plane-wave basis, and the structure of
the matrix elements) remain identical. Consequently, the
main computational task reduces to obtaining an accu-
rate expression for the parameter S(q) for each consid-
ered shape of the QD.
The Fourier transform of the shape function is defined

by

S(q) =
1

Ω

∫
S(r)e−iq·r d3r.

Due to the spherical symmetry of the QD, we align the
scattering vector q along the z-axis without loss of gen-
erality, so that q · r = qr cos θ. Switching to spherical
coordinates, we get:

S(q) =
1

Ω

∫ R

0

r2 dr

∫ 2π

0

dϕ

∫ π

0

sin θ e−iqr cos θ dθ.

After integration, we obtain:

Ssph(q) =
1

Ω


4π

q3
[sin(qR)− qR cos(qR)], q ̸= 0,

4πR3

3
, q = 0,

(14)
where R is the spherical QD radius.
For the cubic QD S(r) can be written

S(r) = Θ(a/2− |x|)Θ(a/2− |y|)Θ(a/2− |z|), (15)

i.e., the cube of side length a is centered at the ori-
gin and extends from −a/2 to +a/2 in each Cartesian

direction, Θ(x) is Heaviside step function. Because the
shape function is a product of three independent one-
dimensional step functions, the three-dimensional inte-
gral separates completely into a product of three identi-
cal one-dimensional integrals:

S(q) =
1

Ω

[∫ a/2

−a/2

e−iqxx dx

][∫ a/2

−a/2

e−iqyy dy

]
(16)

×

[∫ a/2

−a/2

e−iqzz dz

]
. (17)

We consider a generic one-dimensional integral

I(qi) =

∫ a/2

−a/2

e−iqiu du, i = x, y, z.

Direct integration yields

I(qi) = a · sin(qia/2)
qia/2

= a · sinc
(qia

2

)
,

if qi ̸= 0. For the special case qi = 0, we take the limit:

lim
qi→0

sinc
(qia

2

)
= 1.

Thus, the Fourier transform of the shape function for the
cubic QD is

Scub(q) =
1

Ω

 a3
∏

i=x,y,z

sinc
(qia

2

)
, q ̸= 0,

a3, q = 0.

(18)

For the conical QD, the shape function has the form:

Scon(r) = Θ(z)Θ(H − z)Θ(Rloc(z)− ρ), (19)

the local radius Rloc(z) = R(1−z/H) for 0 ≤ z ≤ H, R is

the base radius, and H is the cone height, ρ =
√

x2 + y2.
By performing similar calculations as for the cylindrical
QD we get
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Scon(q) =
1

Ω


2π

q⊥

∫ H

0

R(z)J1(q⊥Rloc(z))e
−iqzz dz, q ̸= 0,

πR2H

3
, q = 0,

(20)

where q⊥ =
√
q2x + q2y and J1(x) is the Bessel function of

the first kind.
The construction and diagonalization of the complex

Hermitian matrix H of dimension (4NG)×(4NG) (where
NG is the number of retained plane waves) yields the
hole energy spectrum and the corresponding eigenvectors
CG,mj

. Therefore, we get the wave function (7).
In summary, we have fully formulated the method

of plane-waves combined with the Baldereschi–Lipari
spherical approximation of the 4 × 4 Luttinger Hamil-
tonian. All geometry dependence is in the Fourier trans-
form of the shape function. Exact analytical expressions
for S(q) have been derived for the spherical, cubic, and
cylindrical QDs. For the conical QD, the Fourier trans-
form reduces to a calculation of the one-dimensional in-
tegral involving the first-order Bessel function, which is
evaluated numerically on the discrete G-grid. The ob-
tained hole energy spectra and corresponding wave func-
tions for the considered geometries, are presented and
discussed in the next section.

III. RESULTS AND DISCUSSION

To validate the proposed computational method and
investigate the hole energy spectrum, the theoretical
framework was applied to a model semiconductor het-
erosystem consisting of a GaAs QD embedded in a wide-
bandgap AlAs matrix. The calculations were performed
within the framework of the multiband k ·p-method us-
ing the Luttinger–Kohn Hamiltonian with the spherical
approximation (the Baldareschi–Lipari approach).

The choice of the GaAs/AlAs system is motivated by
its extensive application in nanoelectronics and the avail-
ability of well-established empirical band structure pa-
rameters. In our simulation, the material constants were
explicitly defined for both environments. For the inter-
nal GaAs QD region, the confining potential was chosen
as the reference zero-energy level U = 0 meV, and
the Luttinger parameters were taken as γ1 = 7.08 and
γ2 = γ3 = 2.56. For the surrounding AlAs matrix, the pa-
rameters correspond to a strong spatial confinement with
a valence band offset of U = 562 meV, and the Luttinger
parameters were set to γ1 = 3.76 and γ2 = γ3 = 1.18
[28]. These values are widely accepted in the literature
for III-V compound semiconductors and provide an ac-
curate description of the quantum confinement effects at
the heterojunction.

As a first step to verify the accuracy and convergence
of our numerical approach, we calculated the hole energy
spectrum for a spherical QD using the 3D plane wave

expansion method. The spherical geometry was deliber-
ately chosen as a benchmark system because its high spa-
tial symmetry allows for exact theoretical results. Specif-
ically, the conservation of the total angular momentum
in a spherically symmetric potential permits the analyt-
ical decoupling of the angular and radial variables. This
mathematical transformation gives a set of coupled one-
dimensional radial differential equations, which can be
solved exactly [14–18]. By comparing the energies of the
ground and excited states of the hole obtained by the
plane wave method and based on the exact solution, the
required number of plane waves was established, which
ensures convergence for the approximate method.

The other aspect of the plane-wave method is the ap-
propriate selection of the computational supercell dimen-
sions Lx×Ly×Lz. To prevent artificial quantum confine-
ment and spurious interactions between periodically re-
peated adjacent QDs, the supercell must be large enough
to encompass the complete exponential decay of the hole
wave function penetrating into the barrier. In our model
for the spherical QD, a cubic supercell (Lx = Ly = Lz)
was dynamically defined by adding the geometric diam-
eter 2R and 2.5 times the effective hole Bohr radius in
the AlAs matrix material (a∗B ≈ 2.57 nm). The same ap-
proach has been used in [24–27]. With these boundary
conditions established, the size of the plane-wave basis
was determined by the truncation parameter Ncut, which
restricts the integer components of the reciprocal lattice
vectors according to the condition n2

x + n2
y + n2

z ≤ N2
cut.

Through a systematic convergence test against the exact
analytical solutions for the spherical QD, we established
that a cutoff value of N2

cut = 80 (corresponding to a
maximum index nmax = 8) provides an optimal balance
between computational efficiency and high mathematical
accuracy. This truncation yields a basis set of Nw ≈ 2469
plane waves for each of the four spinor components, re-
sulting in a Hamiltonian matrix of size approximately
9876× 9876. At this basis size, the relative error for the
lowest-lying heavy- and light-hole energy levels becomes
negligible, indicating full mathematical convergence of
our method.

Figure 1 illustrates the calculated dependence of the
hole energy levels on the radius R of the spherical
GaAs/AlAs QD. As expected from the fundamental prin-
ciples of quantum mechanics, an increase in the QD di-
mension leads to a monotonic decrease in the energies for
all states. This behavior reflects the weakening of the spa-
tial quantum confinement effect, with the energy depen-
dence approximately as 1/R2 in the strong confinement
regime (small R). Within the spherical approximation of
the 4x4 Luttinger-Kohn Hamiltonian, the hole states can
be classified by their total angular momentum F . The
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lowest-energy (blue curve 1) corresponds to the ground
hole state, identified as the four-fold degenerate 1S3/2

level. The next distinct energy level (red curve 2) repre-
sents the first excited state, 1P3/2, which has the same
four-fold degeneracy. The higher-lying energy level, (yel-
low curve 3), determines the 1P5/2 hole multiplet. The
precise energy spacing between these levels is dictated

by the complex valence band structure, particularly the
strong mixing between heavy-hole (HH) and light-hole
(LH). The hole energy spectrum for the spherical geom-
etry of the QD serves as a basis in the following analysis.
We will utilize this basis to investigate how the reduction
of spatial symmetry (in cubic and conical QDs) modifies
the energy spectra, causing the removal of the character-
istic spherical degeneracies.

Fig. 1. Dependence of the hole energy levels on the radius R of a spherical GaAs/AlAs QD calculated within the so-called
four-band Luttinger model. The curves correspond to the lowest hole states: 1 (blue) — ground state 1S3/2; 2 (red) — first

excited state 1P3/2; 3 (yellow) — higher excited state 1P5/2

Fig. 2. 2D probability density distributions for the four 1S3/2 hole states in a spherical GaAs/AlAs QD. R = 4 nm. All four
components share the exact same energy, demonstrating the four-fold degeneracy characteristic of spherical symmetry. Dashed

circles denote the physical boundary of the QD

Fig. 3. Dependence of hole energy levels on the side length a of a cubic QD. The reduction from spherical to cubic Oh
confinement symmetry leads to the splitting of higher-order multiplets. The solid curves represent: 1 (blue) — the four-fold
degenerate Γ8 ground state (analogous to the spherical 1S3/2); 2 (red) — the four-fold degenerate Γ8 first excited state
(analogous to 1P3/2); 3 (green) and 4 (yellow) — the two-fold degenerate Γ7 doublet and the four-fold degenerate Γ8 quartet,

respectively, which emerge from the pronounced splitting of the spherical 1P5/2 state by the cubic geometric field
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To further elucidate the spatial characteristics of the
holes, Fig. 2 presents the cross-sectional 2D probabil-
ity density distributions for the 1S3/2 ground state of
a spherical QD with R = 4 nm. In accordance with
the Luttinger–Kohn model for spherical potentials, this
ground state exhibits a four-fold degeneracy, meaning
all four corresponding components possess the exact
same eigenenergy. The calculated probability density dis-
plays perfect isotropic symmetry, accurately capturing
the expected exponential quantum tunneling of the wave
function into the surrounding AlAs barrier. The almost
identical spatial distribution among these four energy-
degenerate components visually corroborates the preser-
vation of spherical symmetry within our model, serving
as a robust foundation for further studies on other ge-
ometries which break spherical symmetry.

Building upon the spherical model, we first investi-

gate the hole energy levels of the cubic QD. Figure 3
displays the hole energy spectrum as a function of the
side length a for a cubic QD. Unlike the highly symmet-
ric spherical case, the cubic confinement geometry (point
group Oh) inherently breaks the full rotational symme-
try, leading to a modification of the energy levels. The
1S3/2-like ground state (curve 1 Fig. 3) and the 1P3/2-
like first excited state (curve 2 Fig. 3) preserve their four-
fold degeneracies, transforming into Γ8 irreducible repre-
sentations. The higher-energy states experience splitting.
Specifically, the six-fold degenerate spherical 1P5/2 mul-
tiplet is split by the cubic crystal field into a lower-energy
two-fold degenerate Γ7 doublet (curve 3 Fig. 3) and a
higher-energy four-fold degenerate Γ8 quartet (curve 4
Fig. 3). This splitting highlights the presence of the va-
lence band mixing to the specific geometric shape of the
nanostructure.

Fig. 4. Cross-sections of probability density distributions for the M = −3/2 of hole states in a cubic QD with side length
a = 4 nm. The top row illustrates the orthogonal cross-sections (xy-, xz-, and yz-planes) of the four-fold degenerate Γ8 ground
state (analogous to the spherical 1S3/2 state). The bottom row displays the corresponding probability density profiles for
the four-fold degenerate Γ8 first excited state (analogous to the spherical 1P3/2 state). Dashed squares indicate the physical

geometric boundaries of the cubic QD

Fig. 5. Dependence of the hole energy levels on the height H of a conical QD with a fixed base radius R = 3 nm. The solid
curves denote the split components of the spherical 1S3/2-like and 1P3/2-like states. 1 (blue) — the lowest-energy two-fold

degenerate doublet; 2 (red) — the first excited two-fold degenerate doublet
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To visualize the effect of the cubic geometry on the
spatial distribution of the holes, Fig. 4 presents the 2D
probability density for the two lowest Γ8 states (M =
−3/2) at a = 4 nm. The ground state (top row) has an
S-like envelope function. However, unlike the perfectly
isotropic spherical case, the probability density slightly
shifts toward the corners of the cubic boundary. The

first excited state (bottom row) displays a distinct P-like
character with characteristic cross-sections. The cross-
sectional views (xy-, xz-, and yz-planes) confirm that
the wave functions “adapt” to the Oh symmetry of the
confining potential and exhibit the expected weak quan-
tum tunneling into the AlAs matrix.

Fig. 6. Distributions of probability density in the xz-plane for the hole states in a conical QD. R = 3 nm, H = 3 nm). The top
row shows the split doublets of the 1S3/2-like ground state. The bottom row displays the corresponding profiles for the split

doublets of the 1P3/2-like first excited state. Dashed lines indicate the geometric boundaries of the QD

In the final stage, we calculated the hole energy spec-
trum for a conical QD with a fixed base radius of R =
3 nm as a function of its height H (Fig. 5). The coni-
cal geometry is characterized by axial symmetry. In this
symmetry, only the total angular momentum projection
onto the symmetry axis remains defined. Consequently,
the spherical symmetry breaking lifts the four-fold and
six-fold degeneracies observed in the spherical and cu-
bic models. All energy levels in the conical QD are re-
duced to two-fold degenerate doublets ±M . As shown in
Fig. 5, the four-fold degenerate spherical 1S3/2 ground
state is split by the cone’s shape anisotropy into two
distinct doublets (curves 1 and 2 in Fig. 5). This split-
ting also arises from the different effective masses of the
heavy-hole and light-hole components along the quan-
tization axis. In the “flat” cone regime (H < 6 nm),
where the height is significantly smaller than the base
diameter (2R = 6 nm), the axial confinement pushes the
doublets apart. However, as the height increases and the
cone transitions into an elongated “wire-like” geometry,
the lateral confinement begins to dominate.
To gain deeper insight into the spatial properties of

the hole states under axial confinement, Fig. 6 presents
the probability density distributions for the conical QD.
The top row illustrates the two separate doublets that
emerge from the splitting of the highly symmetric spher-
ical 1S3/2 ground state. Although both components
(|M | = 3/2, 1/2) retain a predominantly S-like spatial

distribution, their shapes are distinctly deformed by the
conical boundary. The bottom row depicts the next two
doublets, originating from the spherical 1P3/2 excited
state. These states exhibit a clear P-like character. The
varying degree of wavefunction penetration into the apex
and base of the cone visually demonstrates the mixing
of heavy-hole and light-hole wave function components
induced by the geometric asymmetry.

To isolate the pure effect of geometric shape on the
quantum confinement, it is necessary to compare the
ground state hole energies of the three studied geome-
tries assuming an identical internal volume. For instance,
considering a volume of V ≈ 42.9 nm3, we compare a
spherical QD (R ≈ 2.17 nm), a conical QD (R = 3 nm,
H ≈ 4.55 nm), and a cubic QD (a = 3.5 nm). The cal-
culated lowest energy levels follow a hierarchical order:
sphere (E ≈ 180 meV) < cone (E ≈ 190 meV) < cube
(E ≈ 198 meV). This sequence reflects a fundamen-
tal quantum mechanical consequence of the surface-to-
volume ratio. The spherical QD represents the most com-
pact topology, allowing the wave function to distribute
uniformly with minimal kinetic energy. In contrast, geo-
metric shapes with reduced symmetry and sharp bound-
aries effectively “squeeze” the wave function deeper into
the nanostructure. This geometric restriction minimizes
the effective volume available for the charge carrier,
thereby enhancing the spatial confinement and increases
the ground state energy.
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IV. CONCLUSION

In this work, a robust theoretical framework based
on the plane-wave method and the four-band Luttinger-
Kohn Hamiltonian was successfully applied to investi-
gate hole states in semiconductor quantum dots. The
advantage of the proposed model is that it allows for the
exact analytical calculation of the Hamiltonian matrix
elements by deriving expressions for the Fourier trans-
forms of various spatial shape functions. This mathe-
matical approach automatically accounts for boundary
conditions at the heterointerfaces, providing a highly ac-
curate and computationally efficient tool for analyzing
complex nanostructures.

Our numerical results clearly demonstrate that the ge-
ometric reduction of spatial confinement symmetry fun-
damentally alters the hole spectrum by lifting charac-
teristic energy degeneracies. A spherical quantum dot is
characterized by fourfold degeneracy. The transition to
cubic and conical geometries induces an energy splitting
into lower-symmetry multiplets and two-fold doublets.
Furthermore, a comparative analysis at a fixed inter-
nal volume revealed a hierarchical increase of the ground
state energy (sphere ¡ cone ¡ cube), proving that geome-
tries with sharp boundaries effectively compress the hole
wave function and strongly enhance the spatial confine-
ment.
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ÂÏËÈÂ ÃÅÎÌÅÒÐI� ÊÂÀÍÒÎÂÎ� ÒÎ×ÊÈ ÍÀ ÅÍÅÐÃÅÒÈ×ÍI ÑÏÅÊÒÐÈ ÄIÐÎÊ Ó ÌÅÆÀÕ
ÌÎÄÅËI ËÀÒÒIÍÆÅÐÀ

Ð. ß. Ëåøêî1, I. Â. Áiëèíñüêèé1,2, Î. Â. Ëåøêî1, Ò. Ð. Ìîíàñòèðñüêèé1, Ì. À. Ñëþñàëåíêî2

1Êàôåäðà ôiçèêè òà iíôîðìàöiéíèõ ñèñòåì,

Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Ñòðèéñüêà, 3, Äðîãîáè÷, 82100, Óêðà¨íà
2Êàôåäðà ôiçèêè, Êðèâîðiçüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò,

âóë. Óíiâåðñèòåòñüêà, 54, Êðèâèé Ðiã, 50086, Óêðà¨íà

Ïîäàíî òåîðåòè÷íå äîñëiäæåííÿ åíåðãåòè÷íèõ ñïåêòðiâ äiðîê òà ïðîñòîðîâîãî ðîçïîäiëó õâèëüî-
âèõ ôóíêöié ó ñôåðè÷íèõ, êóái÷íèõ i êîíi÷íèõ êâàíòîâèõ òî÷êàõ GaAs/AlAs. Ðîçðàõóíêè âèêîíàíi
â ìåæàõ ÷îòèðèçîííî¨ ìîäåëi Ëàòòiíæåðà-Êîíà ç âèêîðèñòàííÿì ìåòîäó ðîçêëàäó çà òðèâèìiðíè-
ìè ïëîñêèìè õâèëÿìè, ùî äà¹ çìîãó òî÷íî àíàëiòè÷íî îá÷èñëèòè ìàòðè÷íi åëåìåíòè ãàìiëüòîíiàíà
÷åðåç ïåðåòâîðåííÿ Ôóð'¹- ôóíêöié ôîðìè íàíîñòðóêòóðè. Ïðîäåìîíñòðîâàíî, ùî çíèæåííÿ ñè-
ìåòði¨ ïðîñòîðîâîãî îáìåæåííÿ âiä ñôåðè÷íî¨ äî êóái÷íî¨ òà êîíi÷íî¨ ãåîìåòðié çìiíþ¹ ñòðóêòóðó
åíåðãåòè÷íèõ ðiâíiâ, çíiìàþ÷è õàðàêòåðíi ÷îòèðèêðàòíi òà øåñòèêðàòíi âèðîäæåííÿ ç óòâîðåííÿì
ìóëüòèïëåòiâ íèæ÷î¨ ñèìåòði¨. Ïîïåðå÷íi ïåðåðiçè ðîçïîäiëó ãóñòèíè éìîâiðíîñòi ïîêàçóþòü, ùî
äiðêîâi ñòàíè äåìîíñòðóþòü âèðàæåíi S- òà P-ïîäiáíi çàëåæíîñòi çàâäÿêè çìiøóâàííþ êîìïîíåíò
âàæêèõ i ëåãêèõ äiðîê. Êðiì òîãî, ïîðiâíÿëüíèé àíàëiç çà ñòàëîãî âíóòðiøíüîãî îá'¹ìó ïîêàçó¹ ñèíié
(êîðîòêîõâèëüîâèé) çñóâ åíåðãi¨ îñíîâíîãî ñòàíó. Öå ïiäòâåðäæó¹, ùî ãåîìåòðè÷íi ôîðìè ç ðiçêèìè
ìåæàìè ìiíiìiçóþòü åôåêòèâíèé îá'¹ì íîñi¨â i ïîñèëþþòü êâàíòîâå îáìåæåííÿ.

Êëþ÷îâi ñëîâà: äiðêîâi ñòàíè; êâàíòîâå îáìåæåííÿ; êâàíòîâi òî÷êè; ìåòîä ïëîñêèõ õâèëü;
ìîäåëü Ëàòòiíæåðà; ïîðóøåííÿ ñèìåòði¨.
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